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Abstract: 



A combinatorial map is a connected topological graph cellnlarly embedded in a sur- 
face. This monograph concentrates on the automorphism group of a map, which is 
related to the automorphism groups of a Klein surface and a Smarandache manifold, 
also applied to the enumeration of unrooted maps on orientable and non-orientable 
surfaces. A number of results for the automorphism groups of maps, Klein surfaces 
and Smarandache manifolds and the enumeration of unrooted maps underlying a 
graph on orientable and non-orientable surfaces are discovered. An elementary clas- 
sification for the closed s-manifolds is found. Open problems related the combi- 
natorial maps with the differential geometry, Riemann geometry and Smarandache 
geometries are also presented in this monograph for the further applications of the 
combinatorial maps to the classical mathematics. 
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Chapter 1 Preliminary 



All surfaces are 2- dimensional compact manifolds without boundary, graphs are 
connected, possibly with loops or multiple edges and groups are finite in the context. 
For terminology and notation not defined in this book can be seen in [33], [34] and 
[35] for graphs and maps and in [6], [73] for groups. 

§1. Klein surface and s-manifold 

1.1 Definitions 

1.1.1 Definition of a Klein surface 

The notion of Klein surface is introduced by Ailing and Greenleaf [2] in 1971 
concerned with real algebraic curves, correspondence with that of Riemann surface 
concerned with complex algebraic curves. For introducing this concept, it is need 
to enlarge analytic functions to those of dianalytic functions first. 

Now let / : A — > C be a mapping. Write z = x + iy,x,y G 77, i = \J — 1, z = 
x — iy and f(z) = u(x,y ) + iv{x,y) f{z) = u(x,y ) — iv{x,y) for certain functions 
u,v : A — > 77. 

A mapping / : A — > C is analytic on A if || = 0 {Cauchy- Riemann equation ) 
and is antianlytic on A if = 0. 

A mapping / is said to be dianalytic if its restriction to every connected compo- 
nent of A is analytic or antianalytic. 

Now we can formally define a Klein surface. 

A Klein surface is a Hausdorff, connected, topological space S together with a 
family = {([/*, 0i) \i G 1} such that the chart {Ufi G 1} is an open covering of 
S, each map <fi : U t — > A; is a homeomorphism onto an open subset Aj of C or 
C + = {z G C : Imz > 0} and the transition functions 

fij = 4>i4>j : 

are dianalytic. 

The family is said to be a topological atlas on S. 

The boundary of S is the set 



dS = {x G S\there exists i G / , x G Ui, <j>i(x) G 77 
and <j>i{Ui) CC + }. 

The existence of Klein surfaces is obvious, for example, a Riemann surface is a 
Klein surface viewed as an orientable surface with empty boundary and X] to be 
analytic functions. Whence, we have the following relation: 
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{Riemann Sufaces} C {Klein surfaces}. 

The upper half plane H = {z 6 C\Imz > 0} with {(U\ — H, <f>i — 1#)} and the 
open unit disc D = {z G C\\z\ < 1} with {{Ui = d, 4>i = Id)} in C are two Klein 
surfaces with empty boundary and analytic structures. 

If k(S),g(S ) and y(S') are the number of connected components of dS, the 
topological genus and the Euler characteristic of a surface S, then we have that 

Theorem 1.1.1 ([2]) 



X(S) 



2 — 2 g (S') — k(S), if S is orientable, 

2 — g(S) — k(S). if S is non — orientable. 



1.1.2 Definition of a Smarandache geometry 

By the history, we know that classical geometries include the Euclid geometry, 
the hyperbolical geometry and the Riemann’s geometry. Each of the later two is 
proposed by denial the 5th postulate for parallel lines in the Euclid postulates of 
geometry. The Smarandache geometries is proposed by Smarandache in 1969 ([61]), 
which is a generalization of the classical geometries, i.e., the Euclid, Lobachevshy- 
Bolyai-Gauss and Riemannian geometries may be united altogether in the same 
space, by some Smarandache geometries. These last geometries can be either par- 
tially Euclidean and partially Non-Euclidean, or Non-Euclidean. It seems that the 
Smarandache geometries are connected with the Relativity Theory (because they in- 
clude the Riemann geometry in a subspace) and with the Parallel Universes (because 
they combine separate spaces into one space) too([32]). 

In [61], Smarandache defined several specific types of Smarandache geometries, 
such as the paradoxist geometry, the non-geometry, the counter-projective geometry 
and the anti- geometry. He also posed a question on the paradoxist geometry, i.e., 
find a nice model on manifolds for this paradoxist geometry and study some of its 
characteristics. 

An axiom is said smarandachely denied if in the same space the axiom behaves 
differently (i.e., validated and invalided; or only invalided but in at least two district 
ways) . 

A Smarandache geometry is a geometry which has at least one smarandachely 
denied axiom 1 * . At present, the Smarandache manifolds (abbreviated s-manifolds) 
are the central object discussed in the Smarandache geometries today. More results 
for the Smarandache geometries can be seen in the references [4], [16], [27] — [28], [32] 
and [58] — [59] etc.. 

The idea of an s-manifold was based on a hyperbolic paper in [69] and credited 
to W. Thurston. A more general idea can be found in [59]. According to the survey 
[27] of H.Iseri, an s-manifold is combinatorially defined as follows: 



1 Also see www.gallup.unm.edu/ ~ samrandache/ geometries.htm 
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An s-manifold is any collection C(T , n) of these equilateral triangular disks T % , 1 < 
i < n satisfying the following conditions: 

(i) Each edge e is the identification of at most two edges ei,ej in two distinct 
triangular disks Ti, Tj, 1 < i, j < n and i ^ j ; 

[ii) Each vertex v is the identification of one vertex in each of five, six or seven 
distinct triangular disks. 

The vertices are classified by the number of the disks around them. A vertex 
around five, six or seven triangular disks is called an elliptic vertex, a Euclid vertex 
or a hyperbolic vertex, respectively. 

An s-manifold is called closed if the number of triangular disks is finite and each 
edge is shared by exactly two triangular disks, each vertex is completely around by 
triangular disks. It is obvious that a closed s-manifold is a surface and its Euler 
characteristic can be defined by the Theorem 1.1.1. 

1.2 Classification of Klein surfaces and s-manifolds 

A morphism between the Klein surfaces S and S' is a continuous map / : S — > S' 
such that f(dS ) C dS' and given s G S, there exist chart (U, (p) and (V, if) at s and 
/(s) respectively, and an analytic function F : <p(U ) — > C such that 

if(f(s)) = *(F(<P(s))), 

where, $ : C — ; > C + \ x + iy — * x + i\y\ is a continuous map. 

An automorphism of a Klein surface S is an 1 — 1 morphism / : S — > S. It has 
been known that for a given Klein surface S, the set AutS 1 of automorphisms of S 
forms a group with respect to the composition operation and Aut H = PGL(2, R). 

Let T be a discrete subgroup of Aut H . We say that T is a non-euclidean crys- 
tallographic group( shortly NEC group) if the quotient H/T is compact. 

More results can be seen in [11], Typical results for automorphisms of a Klein 
surface S are as follows. 

Theorem 1.1.2([11]) Let S be a compact Klein surface, g = g(S) and k = k(S), 
then 

(i) there exists an NEC group T such that AutS 1 = Afo(r)/r, where fl = Aut H . 

(ii) if S satisfies the condition 2g + k > 3 if S is orientable and g + k > 3 if S 
is non- orientable, then AutA is finite. 

Similarly, two s-manifolds Ci(T, n) and C 2 (T, n) are called to be isomorphic if 
there is an 1 — 1 mapping r : C\(T, n) — »• C 2 (T, n) such that for VTi,T 2 e C\(T, n), 

t(T> f]T 2 ) = T(T,)f]T(T 2 ). 

If Ci(T,n) = C\[T,n ) = C{T,n ), r is called an automorphism of the s-manifold 
C{T,n). All automorphisms of an s-manifold form a group under the composition 
operation, called the automorphism group of an s-manifold C{T, n ), denoted by 
AutC(T, n) . 




Chapter 1 Preliminary 



4 



§2. Map and embedding of a graph on surface 

2.1 Graphs 

Combinatorially, a graph T is a 2-tuple (14, E) consists of a finite non-empty 
set V of vertices together with a set E of unordered pairs of vertices, i.e. , E C 
V x V([22], [35], [70]). Often denoted by V(r), E(T) the vertex set and edge set of 
the graph T. 

The cardinal numbers of \V\ and \E\ are called the order and the size of the 
graph T. 

We can also obtain a representation of a graph T representing a vertex u by a 
point p(u), p{u) ^ p{y) if u ^ v and an edge ( u , v ) by a curve connecting the points 
p[u) and p(v) on the plane. 

For example, the graph in the Fig. 1.1 



Fig. 1-1 

is a graph V = (V, E) with V = {w, v, w, a;} and 

E = {( u,u ), (v,v), (w,w), (, x,x ), (u,v), (■ v,w ), (w,x), (x,m)}. 

A walk of a graph T is an alternating sequence of vertices and edges u\,e\,U 2 ,e 2 , 
•••,e n ,u ni with ei = (ui,Ui + 1 ) for 1 < i < n. The number n is the length of the 
walk. If ui = u n+ 1 , the walk is said to be closed , and open otherwise. For example, 
ueive 2 weQwe s xe 3 we 2 V is a walk in the graph of the Fig. 1.1. A walk is called a trail 
if all its edges are distinct and a path if all the vertices are distinct. A closed path 
is said to be a circuit. 

A graph T is connected if there is paths connecting any two vertices in this graph 
and is simple if any 2-tuple (u,v) G E(T) C V (T) x V (T) appears once at most and 
u 7 ^ v. 

Let T be a graph. For \/u G F(T), the neighborhood N^(u) is defined by N^(u) = 
(u|(u,u) or (v,u) G E(T)}. Its cardinal |ATp(w)| is called the valency of the vertex 
u in the graph T, denoted by pviu). By the enumeration of edges, we know the 
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following result 



6 V(r)pr(u) = 2 |B(r)|. 



2.2 The embedding of a graph on surfaces 

A map on a surface S' is a kind of partition S which enables us to obtain home- 
omorphisms of 2-cells {(x,y) \x 2 + y 2 < 1 ,x,yE 1Z} if we remove from S all the 
curves used to partite S. There is a classical result for the partition of a surface 
gotten by T.Rado in 1925. 

Theorem 1 .2.1 ( [52] ) For any compact surface S, there exist a triangulation {%,i > 
1} on S. 

This theorem is fundamental for the topological graph theory, which enables us 
to discussion a surface combinatorially. 

For any connected graph T = {V (T), E(T)) and a surface S, an embedding of the 
graph T in the surface S is geometrical defined to be a continuous 1 — 1 mapping 
r : T — > S. The image r(T) is contained in the 1-skeleton of a triangulation of the 
surface S. If each component in S — r(T) homeomorphic to an open disk, then the 
embedding is said a 2-cell embedding, where, components in S — r(T) are called 
faces. All embeddings considered in this book are 2-cell embeddings. 

Let T be a graph. For v e V(r), denote by Nf(v) = {ei, e 2 , • • • , e p ( v )} all the 
edges incident with the vertex v. A permutation on ei,e 2 , • • • ,e p ( v ) is said a pure 
rotation. All pure rotations incident a vertex v is denoted by g(v). A pure rotation 
system of the graph V is defined to be 

*>(r) = {<?(»)!« e nr)} 

and all pure rotation systems of the graph V is denoted by ^(T). 

The first characteristic for embedding of a graph on orientable surfaces is found 
by Heffter in 1891 and formulated by Edmonds in 1962, states as follows. 

Theorem 1.2.2([17]) Every pure rotation system for a graph V induces a unique 
embedding of V into an orientable surface. Conversely, every embedding of a graph 
T into an orientable surface induces a unique pure rotation system ofY. 

According to this theorem, we know that the number of orientable embeddings 
of a graph T is n uG v(r)(p(^) - !)!■ 

The characteristic for embedding of a graph on locally orientable surface is used 
by Ringel in the 1950s and gave a formal proof by Stahl in 19T8( [22] [62] ) . 

From the topological theory, embedded vertex and face can be viewed as disk, 
and an embedded edge can be viewed as an 1-band which is defined as a topological 
space B together with a homeomorphism h : I x / — > B, where / = [0, 1], the unit 
interval. 
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Define a rotation system p L (T) to be a pair (, J , A), where J is a pure rotation 
system of T, and A : E(T) — ► Z 2 . The edge with A(e) = 0 or A(e) = 1 is called type 
0 or type 1 edge, respectively. The rotation system of a graph T are defined by 

p L (V) = {{J,\)\J e e{T), A : E{T) - z 2 }. 

Then we know that 

Theorem 1.2.3( [22] [62] ) Every rotation system on a graph T defines a unique locally 
orientable embedding of T — > S. Conversely, every embedding of a graph T — > S 
defines a rotation system for T. 

For any embedding of the graph T, there is a spanning tree T such that every 
edge on this tree is type 0 ( [43] ) . Whence the number of embeddings of a graph T 
on locally orientable surfaces is 

2« r > n (pM-1)! 

^ev(r) 

and the number of embeddings of T on the non-orientable surfaces is 

(2« r) -l) IT (p(') ' !)!■ 

t>ev(r) 

The following result is the Euler- Poincare formula for an embedding of a graph 
on surface. 

Theorem 1.2.4 If a graph T can be embedded into a surface S, then 



i/(r)-e(r) + ^(r)= x (5), 

where, z/(T),e(r) and <j>(T) are the order, size and the number of faces of the graph 
T, and x(S') is the Euler characteristic of the surface S: 



X(S) 



2 — 2 p, if S is orientable , 

2 — q, if S is non — orientable. 



2.3. Map and rooted map on surface 

In 1973, Tutte gave an algebraic representation for an embedding of a graph on 
locally orientable surface ([66], which transfer a geometrical partition of a surface 
to a kind of permutation in algebra. 

According to the summary in [33], a map M = (X a ,p,'P) is defined to be a basic 
permutation V, i.e, for any x G X a ^, no integer k exists such that V k x = ax, 
acting on X a y, the disjoint union of quadricells Kx of x G X (the base set), where 
K = {1 ,a,/3,a/3} is the Klein group , satisfying the following two conditions: 
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(Ci) aV = V~ l a; 

(Cii) the group \l/j =< a,j3,V > is transitive on X a ,/3- 

For a given map M = {X a ,p,V), it can be shown that M* = {Xp j0l ,Va(3) is also 
a map, call it the dual of the map M. The vertices of M are defined as the pairs of 
conjugatcy orbits of V action on X a p by the condition {Ci) and edges the orbits of 
K on X q q. for example, V+ G X a Q, {a;, ax, /3x , a/3x} is an edge of the map M. Dehne 
the faces of M to be the vertices in the dual map M* . Then the Euler characteristic 
x(M) of the map M is 



x{M) = u{M) - e{M) + <f>(M) 

where, e(M), (j){M) are the number of vertices, edges and faces of the map M , 
respectively. 

For example, the graph K 4 on the tours with one face length 4 and another 8 , 
shown in the Fig. 1.2, can be algebraic represented as follows: 

A map {X a ^,V) with X a ^ = {x,y, z,u,v,w,ax,ay,az,au,av,aw, (3x, (3y, /3z, 
/ 3u , (3v, (3w, a/3x, a/3y , a/3z, a/3u , af3v, a/3w} and 

V = (x, y, z){a/3x, u, w){a/3z, a(3u, v)(a/3y, a(3v, a/3w ) 
x {ax, az, ay) {/3x, aw, au) {/3z, av, /3u) {(3y, (3w, (3v) 

The four vertices of this map are {(a;, y, z), {ax, az, ay)}, {{a/3x, u, w), {/3x, aw, au)}, 
{{a/3z, aj3u, v), (/ 3z , av, j3u)} and {{aj3y, a/3v, aj3w), ( (3y , /3w, /3v)} and six edges are 
{e,ae, /3e,a/3e}, where, e G {x,y,z,u,v,w}. The Euler characteristic x(M) is 
X {M) = 4- 6 + 2 = 0. 



Fig, 1.2 

Geometrically, an embedding M of a graph T on a surface is a map and has an 
algebraic representation. The graph T is said the underlying graph of the map M 
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and denoted by Y = Y(M). For determining a given map (X a ^,V) is orientable or 
not, the following condition is needed. 

(Ciii) If the group T/ =< a/3,V > is transitive on then M is non- 

orientable. Otherwise, orientable. 

It can be shown that the number of orbits of the group T/ =< a/3,V > in 
the Fig.1.1 action on X a ^ = {x,y, z,u,v,w,ax,ay, az,au,av,aw, fix, fly, f3z, /3u, 
(3v, (3w,af3x,a[3y,a(3z,af3u,cef3v,af3w} is 2. Whence, it is an orientable map and 
the genus of the surface is 1. Therefore, the algebraic representation is correspondent 
with its geometrical mean. 

A rooted map M x is a map M such that one quadricell x G X a> p is marked 
beforehand, which is introduced by Tutte in the enumeration of planar maps. The 
importance of the root is to destroy the symmetry in a map. That is the reason why 
we can enumerate rooted maps on surfaces by combinatorial approaches. 

2.4. Classification maps and embeddings of a graph on surfaces 

2.4.1 Equivalent embeddings of a graph 

From references, such as, [22], [70], etc., two embeddings {J \ , Ai), (77 2 , A 2 ) of Y on 
an orientable surface S are called equivalent if there exists an orientation-preserving 
homeomorphism r of the surface S such that r : J\ — » J 2 , and rA = At. If 
(77l,Ai) = (77 2 , A 2 ) = (77, A), then an orientation-preserving homeomorphism map- 
ping {Jxt Ai) to (77 2 , A 2 ) is called an automorphism of the embedding (77, A). Cer- 
tainly, all automorphisms of an embedding form a group, denoted by Aut(77, A). 

Enumerating the non-equivalent orientable embeddings of a complete graph and 
a complete bipartite graph are considered by Biggs, White, Mull and Rieper et 
al in [6], [54] — [55]. Their approach is generalized in the following Section 2.3.2 
for enumerating non-equivalent embeddings of a given graph on locally orientable 
surface in the view of maps on surfaces. 

2.4.2 Isomorphism of maps 

Two maps Mi = (AW, Pi) and M 2 = (A^, P 2 ) are said to be isomorphic if 
there exists a bijection £ 



£ : A^ — AJ i/3 

such that for \/x G AW, 

fa(x) = a£(x),£P(x) = (3£(x) and £Vi(x) = P 2 £(^)- 

Call £ an isomorphism between Mi and M 2 . If Mi = M 2 = M, then an isomorphism 
between Mi and M 2 is called an automorphism of M. All automorphisms of a map 
M form a group, called the automorphism group of M and denoted by AutM. 
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Similarly, two rooted maps Mf, Mf are said to be isomorphic if there is an 
isomorphism 6 between them such that 9(x) = y. All automorphisms of a rooted 
map M r also form a group, denoted by Ant M r . It has been known that AntM r is 
trivial ([33]). 

Using isomorphisms between maps, an alternative approach for determining 
equivalent embeddings of a graph on locally orientable surfaces can be gotten, which 
has been used in [43], [49] — [50] for determining the number of non-equivalent embed- 
dings of a complete graph, a semi- regular graph and a Cayley graph Y = Cay (G : S) 
with AutY = R(G) x H , is defined as follows. 

For a given map M underlying a graph T, it is obvious that AutM|r < Autr. 
We extend the action \/g G Autr on V(r) to X a ,f 3 i where X = E'(r), as follows: 

\/x G X a ^, if x 9 = y, then define (ax) 9 = ay, (fix) 9 = fiy and (afix) 9 = afiy. 

Two maps (embeddings) Mi, M 2 with a given underlying graph Y are equivalent 
if there exists an isomorphism ( between them induced by an element £. Call ( 
an equivalence between Mi,M 2 . Certainly, on an orientable surface, an equivalence 
preserve the orientation on this surface. 

Theorem 1.2.5 Let M = (X ai p, V) be a map with an underlying graph T, \/g G AutY . 
Then the extend action of g on X a ^ with X = E(Y) is an automorphism of map M 
iff Vu G V(M), g preserves the cyclic order of v. 

Proof Assume that ( G AutM is induced by the extend action of an automor- 
phism g in T, u,v G V(M) and u 9 = v. Not loss of the generality, we assume 
that 



u (x\, x 2, '' m , x p(u) ) (ax p ( u ) 7***5 ax 2 , axf) 

V = (yi,y 2 f -- ,y p (v))(ayp( v ),-'^ay 2 ,ay 1 ). 
Without loss of generality , we can assume that 

(aq, x 2 , • • • , x p (yf ) 9 = (yi, y 2 , • • • , yp(v)), 

that is, 



(g(xi),g(x 2 ), • • • , g(x p{u ))) = (y u y 2 , ■ • • , y p ( v) ). 

Whence, g preserves the cyclic order of vertices in the map M. 

On the other hand, if the extend action of g G AutY on X a ^ preserves the cyclic 
order of each vertex in M , i.e., Mu G U(r),3u G U(T) such that u 9 = v. Assume 
that 



p- II » 

u£V(M) 



Then 
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v 9 = n u 9 = n v=v - 

uGV(M) v£ V{M) 

Therefore, the extend action of g on X a g is an automorphism of the map M. t] 

2.5 Maps as a combinatorial model of Klein surfaces and s-manifolds 

2.5.1 The model of Klein surfaces 

Given a complex algebraic curve, it is a very important problem to determine its 
birational automorphisms. For curve C of genus g > 2, Schwarz proved that Aut(C) 
is finite in 1879 and Hurwitz proved \Aut(C)\ < 84 (g — l)(see [18] ). As observed by 
Riemann, groups of birational automorphisms of complex algebraic curves are the 
same as the automorphism groups of the compact Riemann surfaces. The latter can 
be combinatorially dealt with the approach of maps. 

Theorem 1.2.6([8][29]) If M is an orientable map of genus p, then Aut M is iso- 
morphic to a group of conformal transformations of a Riemann surface of genus 

p. 

According to the Theorem 1.1.2, the automorphism group of a Klein surface has 
the same form as a Riemann surface. Similar to the proof of the Theorem 5.6 in 
[29], we can get a result similar to the Theorem 1.2.6 for Klein surfaces. 

Theorem 1.2.7 If M is a locally orientable map of genus q, then AutM is isomorphic 
to a group of conformal transformations of a Klein surface of genus q. 

Proof By a result in [8], AutM = N T (A)/A, Where T =< a,b,c\a 2 = b 2 = c 2 = 

( ba ) 2 = (ac) m = ( cb) n = 1 >, A < T and T can be realized by an automorphism 
group of a tessellation on the upper plane, A a NEC subgroup. According to the 
Theorem 1.1.2, The underlying surface S of M has S = H / A with f! = AutM = 
PGL{2,1Z ) being the automorphism group of the upper half plane H. Since T < ff, 
we know that AutM = Nt(A)/A < Nq(A)/A, isomorphic to a group of conformal 
transformations of the Klein surface S = H/ G. t| 

2.5.2 The model of closed s-manifolds 

For a closed .s-manifold C(T, n) , we can define a map M by V (M) = {the vertices in 
C(T,n)}, E{M) = {the edges in C{T,n)} and F(M) = {T,T e C{T,n)}. Then, M 
is a triangular map with vertex valency G {5,6,7}. On the other hand, if M is a 
triangular map on surface with vertex valency G {5, 6, 7}, we can define C(T , 0(M)) 
by 



C(T,(j>(M)) = {/|/ G F(M)}. 



Then, C(T,(f>(M)) is an s-manifold. Therefore, we get the following result. 
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Theorem 1.2.8 Let C(T,n), A4(T,n) and A4*(T,n ) be the set of s -manifolds with 
n triangular disks, triangular maps with n faces and vertex valency G {5,6,7} and 
cubic maps of order n with face valency G {5, 6, 7}. Then 

(i) There is a bijection between M.(T, n ) and C(T,n); 

( ii ) There is also a bijection between Ai*(T,n) and C(T,n). 

§3. The semi-arc automorphism group of a graph with application to 
maps enumeration 

3.1 The semi-arc automorphism group of a graph 

Let r be a graph with vertex set K(T) and edge set E(T). By the definition, an 
automorphism of T on K(T) (J -E(T) is an 1 — 1 mapping (£, rj) on T such that 

£ : V(T) - V(F), rj : E(T) - E(T), 

satisfying that for any incident elements e, /, (£, rj){e) and (£, rj)(f) are also incident. 
Certainly, all automorphisms of a graph T form a group, denoted by AutT. 

Now an edge e = uv G A(r) can be divided into two semi-arcs e u ,e v . Call u 
the root vertex in the semi-arc e u . Two semi-arc e u , f v are said incident if u — v 
or e = /. The set of all semi-arcs of a graph T is denoted by A"i(T). A semi-arc 
automorphism of a graph, first appeared in [43] and then applied to the enumeration 
rooted maps on surfaces underlying a graph T in [46], is defined as follows. 

Definition 1.3.1 An 1 — 1 mapping f on Ai(T) such that Ve„ , f v G AA(T), f(e u ) 
and £(/„) are incident if e u and /,, are incident, is called a semi-arc automorphism 
of the graph T. 

All semi-arc automorphisms of a graph also form a group under the composition 

operation, denoted by AutiT, which is more important for the enumeration of maps 

on surfaces and also important for determine the conformal transformations on a 

Klein surface. The following table lists semi-arc automorphism groups of some well- 

known graphs, which give us some useful information for the semi-arc automorphism 

groups, for example, Auti K n = S n but Aut i = AN .ST A Auti? n . 

2 2 



r 


AutiT 

2 


order 


Kn 




n\ 


K m , n (m 7^ n) 


A/n X An 


m\n\ 


En : n 


A 2 [A n ] 


2n! 2 


B n 


A„[A 2 ] 


2 n n\ 


D Pn 


A 2 x An 


2 n\ 


DPn\k ± l ) 


A 2 [Afc] x An X A 2 [A ; ] 


2 k+l n\k\l\ 


Dp l r f 


A 2 X An X (A 2 [Afc ]) 2 


2 2 k+ 1 n\k \ 2 



table 3.1 
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Here, Dp n is a dipole graph with 2 vertices, n multiple edges and Dp k r f is a general- 
ized dipole graph with 2 vertices, n multiple edges, and one vertex with k bouquets 
and another, l bouquets. Comparing the semi-arc automorphism groups in the sec- 
ond column with automorphism groups of graphs in the first column in table 3.1, 
it is easy to note that the semi-arc automorphism group are the same as the auto- 
morphism group in the first two cases. In fact, it is so by the following Theorem 
1.3.1. 

For \/g G Autr, there is also an induced action g |a on AT(T), g : A±(T) — > 
AT(T), as follows: 



Ve u G AT (r), g(e u ) = (g(e) g{u) . 

All induced action of the elements in Autr on AT (T) is denoted by Autr|s. Notice 
that 



Autr = AutT 1 2 . 

We have the following result. 

Theorem 1.3.1 For a graph T without loops, 

AutiT = Autr|3. 

Proof By the definition, we only need to prove that for V£i G AutiT, £ — A |r G 

2 2 2 

Autr and £i = £|a. In fact, for any Ve u , f x G Ai(T), where, e = uv G A(r) and 
/ = xy G E(T), if 



£±(Gu) fxi 

then by the definition, we know that 

Cl ( e f ) — fy 

Whence, £i(e) = /. That is, ^i|r G Autr. 

Now since there is not a loop in T, we know that ^i|r = idr if and only if 
= idr. Therefore, is induced by ^i|r on AT(T), that is, 

AutiT = Autr|3. tj 

Notice that for a given graph T, Ai(T) = X 3 , if we equal e u to e and e v to (3e 
for an edge e — uv e E{T). 

For a given map M = (X a ^,V) underlying a graph F, we have known that 
AutM|r < Autr, which made us to extend the action of an automorphism g of 
the graph T on X a< g with X = E(T) to get automorphisms of a map induced by 
automorphisms of its underlying graph. More detail, we can get the following result. 
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Theorem 1.3.2 Two maps Mi = (X a p,Vf) and M 2 = (X a p, V2) underlying a graph 
T are 

(i) equivalent iff there is an element ( £ AutiT such that V[ = V 2 and 

(ii) isomorphic iff there is an element ( £ AutiT such that Vi = V 2 or V{ = 
V 2 \ 

Proof By the definition of equivalence between maps, if n is an equivalence be- 
tween M\ and M 2 , then n is an isomorphism between M \ and M 2 induced by an 
automorphism l £ AutT. Notice that 

Autr = Autr|2 < AutiT. 

Whence, we know that 1 £ AutiT. 

2 

Now if there is a ( £ AutiT such that V\ = V 2l then \/e x £ AT(r), ((e x ) = 
C( e )cO)- Now assume that e = ( x,y ) £ E(T), then by our convention, we know that 
if e x = e £ X a ,/ 3 , then e y = /3e. Now by the definition of an automorphism on the 
semi-arc set AA(T), if ((e x ) = f u , where / = {u,v), then there must be ((e y ) = /„ . 
Notice that ATi(T) = Xp. We know that ((e y ) = ( (/3e) = (3 f = f v . We can also 
extend the action of ( on Ah(T) to X a ^ by ((ae) = a((e). Whence, we know that 
Ve G X aj p, 



«C(e) = C«(e), P(( e ) = C/?(e) and V{{e) = V 2 {e). 

Therefore, the extend action of ( on X aj p is an isomorphism between the map Mi 
and M 2 . Whence, ( is an equivalence between the map Mi and M 2 . So the assertion 
in (i) is true. 

For the assertion in ( ii ), if there is an element ( £ AutiT such that Vi = V 2 , 

then the map Mi is isomorphic to M 2 . If = Vf 1 , then Vf 01 = V 2 . The map Mi 
is also isomorphic to M 2 . This is the sufficiency of (ii). 

By the definition of an isomorphism £ between maps Mi and M 2 , we know that 
Wx £ X a p, 



af(x) = £ a(x ), 0£(x) = f(5(x) and V{(x) = V 2 (x). 

By the convention, the condition 

/3f(x) = f/3(x) and Vi(x) = V 2 (x). 

is just the condition of an automorphism f or af on Xi (T). Whence, the assertion 
in (ii) is also true. t] 

3.2 A scheme for enumerating maps underlying a graph 



For a given graph T, denoted by £°{T ), £ JV (r) and £ L (T) the sets of embeddings 
of T on the orientable surfaces, on the non-orientable surfaces and on the locally 
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orientable surfaces, respectively. For determining the number of non-equivalent 
embeddings of a graph on surfaces and non-isomorphic unrooted maps underlying a 
graph, another form of the Theorem 1.3.2 using the group action idea is need, which 
is stated as follows. 

Theorem 1.3.3 For two maps Mi = (X ol ,p,'Pi) an d M 2 = {X a Q, V 2 ) underlying a 
graph T, then 

(i) Mi, M 2 are equivalent iff Mi, M 2 are in one orbits of AutiT action on Xi (r); 

(ii) Mi, M 2 are isomorphic iff Mi, M 2 are in one orbits of Ant 1 T x < a > action 
on 

Now we can established a scheme for enumerating the number of non-isomorphic 
unrooted maps and non-equivalent embeddings in a given set of embeddings of a 
graph on surfaces by using the Burnside Lemma as the following. 

Theorem 1.3.4 For a given graph T, let £ C £ L (T), then the numbers n(£, T) and 
r)(£,T) of non-isomorphic unrooted maps and non-equivalent embeddings in £ are 
respective 



n{£. T) — 



£ l*i(s)l, 



2|Aut iT| 

where, $i(g) = {V\V G £ and V 9 = V or V 9a = V} and 



2 <?EAut i r 



v(£, r) = 



|Aut iT| 

where, $ 2 (g) = {V\V G £ and V 9 = V}. 



£ l*2(9)|, 



gE Aut i r 
1 . 



Proof Define the group 7 i = AutiTx < a >. Then by the Burnside Lemma 
and the Theorem 1.3.3, we get that 



"(£,r) = Ar £l*i(s)l, 

gen 

where, $i(g) = {' P\V G £ and V 9 = V}. Now \H\ = 2|AutiT|. Notice that if 
V 9 = V, then V 9a V, and if V 9a = V, then V 9 V. Whence, $1(5') f| $1 {got) = 0 . 
We have that 



n{£,Y) 



2 1 Aut iT| 



£ |4i(j)l, 



p'EAut 1 r 



where, ^(g) = {V\V G £ and V 9 = V or V 9a = V}. 
A similar proof enables us to obtain that 
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V(S,T) 



|Autir| 



E \Ug)l 



gEAut i r 
2 



where, $ 2 (g) = {V\V G £ and V 9 = V}. \\ 

From the Theorem 1.3.4, we get the following results. 



Corollary 1.3.1 The numbers n° (T),n N (T) and n L {T ) of non-isomorphic wirooted 
orientable maps ,non-orientable maps and locally orientable maps underlying a graph 
T are respective 



n°( r) 
n N {T) 
n\ r) 



1 

2|Aut i r 
1 

2|Auti r 

1 

2|Aut i r 



E I *?(»)!; 

gEAut i r 

E l«s)l; 

gEAut i r 

E l*f(s)l, 

gEAut i r 



(1.3.1) 

(1.3.2) 

(1.3.3) 



where, (g) = {P\V G £°(T) and V 9 = V or V 9a = V}, $?(g) = {V\ V G £ N (T) 
and V 9 = V or V 9a = V}, $f(<?) = {V\V G £ L (T) and V 9 = V or V ga = V}. 



Corollary 1.3.2 The numbers rj°(T), rj N (T) and g L {T) of non- equivalent embeddings 
of a graph V on orientable , non- orientable and locally orientable surfaces are respec- 
tive 



n°( r) 

<? N (r) 



|Autir| 

i 

|Aut.r| 



E l*?(s)l; 



gE Aut i r 
7 



E K(s)l; 



<?EAut i r 
1, 



where, Qfid) 

V}, ^(g) = 



E(r) = 



l Aut | r l 






= {V[P G £°{Y) and V 9 = V), (g) 

{V\V e£ L (T) and V 9 — V}. 



(1.3.4) 

(1.3.5) 

(1.3.6) 

{V\V G ^(r) and V 9 = 



For a simple graph T, since AutiT = Autr by the Theorem 1.3.1, the formula 
(1.3.4) is just the scheme used for counting the non-equivalent embeddings of a 
complete graph, a complete bipartite graph in the references [6], [54] — [55], [70]. For 
an asymmetric graph T, that is, Aut iT = idp, we get the numbers of non-isomorphic 
maps underlying a graph T and the numbers of non-equivalent embeddings of the 
graph T by the Corollary 1.3.1 and 1.3.2 as follows. 
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Theorem 1.3.5 The numbers n°(T), n N (T ) and n L (T) of non-isomorphic unrooted 
maps on orientable, non-orientable surface or locally surface with an asymmetric 
underlying graph T are respective 



n (pH-i)! 

n ( r ) = j ’ 

n L (T) = 2 m ~ 1 [] (p(v)'*r 1)! 
»er(r) 



n"(r) = (2« r| - 1 - h n 

z ^GV(r) 

where, f3(T) is the Betti number of the graph T. 

The numbers rj° (T) , rj N (T ) and g L {T) of non-equivalent embeddings of an asym- 
metric underlying graph V are respective 

n°( r)= n 

^GV(r) 

,, 1 (r) = 2« r > n (p(»)-i)i 

^ev(r) 

and 



,, w (r) = (2« r| - 1) n (p(f)-i)!- 

«ev(r) 



§4. A relation among the total embeddings and rooted maps of a 
graph on genus 



4.1 The rooted total map and embedding polynomial of a graph 

For a given graph T with maximum valency > 3, assume that r*(r), fi(r), % > 0 
are respectively the numbers of rooted maps with an underlying graph T on the 
orientable surface with genus 7 (r) + % — 1 and on the non-orientable surface with 
genus 7 (r) + i — 1, where 7 (r) and 7 (r) denote the minimum orientable genus 
and minimum non-orientable genus of the graph T, respectively. Define its rooted 
orientable map polynomial r[r](x) , rooted non-orientable map polynomial f[r](a;) 
and rooted total map polynomial i?[r](x) on genus by: 
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r[T](x) = '£r i {T)x i , 

i>0 

r[T](x) =Y / r i {T)x i 

i>0 

and 



R\r](x) = Y,ri(r)x i + Y,ri(r)x- i . 

i> 0 i> 1 

The total number of orientable embeddings of T is II (d — 1)! and non- 

de-D(r) 

orientable embeddings is (2 /3( G_ 1) n (d — 1)!, where -D(T) is its valency sequence. 

deD(r) 

Now let gi(T) and gi(T), i > 0 respectively be the number of embeddings of T on 
the orientable surface with genus 7(T) +i — 1 and on the non-orientable surface with 
genus 7(T) +i — 1. The orientable genus polynomial g[T}(x) , non-orientable genus 
polynomial g[T](;r) and total genus polynomial 6-'[T](x) of T are defined by 

i>0 

»[r]W = Eft(r)x i 

i>0 

and 



G[r](i) = •£ gt(r)x‘ + Y.SdT)x-\ 

i> 0 i> 1 

The orientable genus polynomial g[T](;r) is introduced by Gross and Furst in [23], 
and in [19], [23] — [24], the orientable genus polynomials of a necklace, a bouquet, a 
closed-end ladder and a cobblestone are determined. The total genus polynomial is 
introduced by Chern et al. in [13], and in [31], recurrence relations for the total genus 
polynomial of a bouquet and a dipole are found. The rooted orientable map polyno- 
mial is introduced in [43] — [44], [47] and the rooted non-orientable map polynomial 
in [48]. All the polynomials r[T](x), f[T](a:), R[T] (x) and g[T](a;),g[r](a;), G[T](a;) are 
finite by the properties of embeddings of T on surfaces. 

Now we establish relations of r[T](x) with g[r](x), r[r](x) with fl[T](a;) and 
R[T](x) with G[r](x) as follows. 

Lemma 1.4.1 ([25] [45]) For a given map M, the number of non-isomorphic rooted 
maps by rooting on M is 



4 e(M) 
|AutM| ’ 
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where e{M) is the number of edges in M . 

Theorem 1.4.1 For a given graph T, 

|Aut.r| r [r](x) = 2£(r)g[r](x), 

|Aut.r|f[r](x) = 2e(r)g[r](x) 

and 

|Autir|R[r](x) = 2e(r)G[r](x), 

where AutiT and s(r) denote the semi-arc automorphism group and the size ofT, 
respectively. 

Proof For an integer k, denotes by _A4fc(r, S) all the non-isomorphic unrooted 
maps on an orientablc surface S with genus y(r) + k — 1. According to the Lemma 
1.4.1, we know that 



r t (F) 



„ 4 e(M) 

MeM k (r,s) |A u t-^"l 

4e(r) v lAutirx < a > 

lAutirx < a > | M JC k (v.s) l AutM l 



Since lAutiTx < a > | = KAutiTx < a >)m\ |M Aut 5 rx< | and KAutiT x 
< a >)m | = |AutM|, we have that 



r k ( T) 



4e(r) r i Aut i Tx<a> 

— — 7 > \M ? 

lAutiTx < O' > | Me ^ 4 fc (r, 5 ) 

2g(r)ff fc (r) 

| Aut i r| 



Therefore, we get that 



| Aut ir|r[r](x) = | Aut i r| r i (r)x 1 

2 2 i>0 

= ^2 |Aut i r|r i (r)x l 

i>0 

= ^ 2 £ (r) ft (rK = 2 £(r) 5 [r](r). 

j>0 
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Similarly, let •Mfc(r,<S') be all the non-isomorphic unrooted maps on an non- 
orientable surface S with genus yfT) + k — 1. Similar to the proof for orientable 
case, we can get that 



Far) 



4f(T) 

(AutiTx < a > 

jf(£) 

(AutiTx < a > 

2g(r)^(r) 

|Aut iT| 



E 

MeM k (r,s) 



lAutiTx < a > 
|AutM| 



V |M Au H rx<a> 

MeMk(T,S) 



Therefore, we also get that 

|AutiT|r[r](x) = ^2 |Aut i r|f i (T)x 1 

i>0 

= 532 ere(ry = 2e(r)fli[r](a;). 

i>0 



Notice that 



and 



mw = E^( r K + En(r)^ 

i> 0 i> 1 



G[r](U = E9.(ry + y9,(ra- i . 

i>0 i> 1 

By the previous discussion, we know that for k > 0, 



n(r) 



Therefore, we get that 



2e(r)^(T) 
| Aut i r | 



and rfc(T) 



2g(r)^(T) 
| Aut i r | 



| Auti t|r[t] (x) 



I A ut i r | r, (r )X + yXitox- 1 ) 

i>0 i>l 

E |AutiT|r i (T)x i + |AutiT|f i (T)x- 1 

i>0 i>l 

E 2g(r)^(r)x* + £ 2e(T)g i (T)x- i = 2e(T)G[T](a;). 

i>0 i>0 



This completes the proof. 
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Corollary 1.4.1 Let be V a graph and s > 0 be an integer. If r s (T) and g s ( r) are 
the numbers of rooted maps underlying the graph V and embeddings ofY on a locally 
orientable surface of genus s, respectively, then 

|Autir|r s (r) = 2e(T)g s (T). 



4.2 The number of rooted maps underlying a graph on genus 

The Corollary 1.4.1 in the previous section can be used to find the implicit 
relations among r[T](x), r[T](x) or i?[T](x) if the implicit relations among ^[T](x), 
<7[T](x) or G[r](x) are known, and vice via. 

Denote the variable vector (x\, x 2f * ■ •) by x, 

l(T) = (•••, r 2 (T), ri(T), r 0 (T), n(T), r 2 (T), • • •), 

g(T) = (•••, MPMC, 9 o(P, MP,MP, ■ ■ ■)■ 

The r(T) and g(T) are called the rooted map sequence and the embedding sequence 
of the graph T. 

Define a function F(x, y) to be y-linearii it can be represented as the following 
form 



= f(x 1 ,x 2 ,- ■ + h(x 1 ,x 2 ,- ■ -)J2yi + X) A (y)» 

iei Ago 

where, / denotes a subset of index and O a set of linear operators. Notice that 
f(x i, x 2 , • • •) = F(x, 0), where 0 = (0, 0, • • •). We have the following general result. 

Theorem 1.4.2 Let Q be a graph family and 7i C Q. If their embedding sequences 
g(T),r G H, satisfies the equation 



F n (x,g(T)) = 0, (4.1) 

then its rooted map sequences r(T),T G 7i satisfies the equation 

|Aut iT| 



FnP, 



2 £ (r) 



■r(r)) = o, 



and vice via, if the rooted map sequences r(T),T G H satisfies the equation 

F H (x,r(T)) = 0 , (4.2) 

then its embedding sequences g(T),T G Li satisfies the equation 
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F * fe tdi^ (r)) = a 

Even more, assume the function F(x, y ) is y -linear arid , T G H is a constant. 

If the embedding sequences g(r),T G H satisfies the equation (4.1) 7 then 

K(zA r)) = o, 

where Ffc(x, y ) = F(x, j/) + ( |Auur| — 1 )F(x, 0 ) and vice via, if its rooted map sequence 
g(T),T G 7d satisfies the equation (4.2), then 

F^x,g( r))=0. 

|Aut i r| 

where F£ = F(x, y) + 1)-F(£, Q)- 

Proof According to the Corollary 1.4.1 in this chapter, for any integer s > o and 
T G H, we know that 



|Autir|r s (r) = 2e(r)^(r). 

Whence, 



and 



r,(r) 



2£(T) 

|Aut lT 



9.(0 



9.( F) 



lAutiT 

2e(f) 



r.(r). 



Therefore, if the embedding sequences g(T),T G H satisfies the equation (4.1), 
then 



Fn(z, 



lAutiTl 

wb“ 



i(0) = o. 



and vice via, if the rooted map sequences r(T),r G H satishes the equation (4.2), 
then 



F *< x -plSiS< r » = 0 - 

Now assume that F^(x, y) is a ^/-linear function and has the following form 



Fh(x,y) = f(x 1 ,x 2 ,---) + h(x 1 ,x 2 ,---)J 2 y i + l ( x ux 2 ,-- ■) My), 

iei A eo 
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where O is a set of linear operators. If ^w(x,g(r)) = 0, that is 



f(x 1 , 372 , — ) + h(x 9 iO + l(x i,x 2 ,---) A (g( r )) = °, 

iei,ren AeO,re« 

we get that 

|AutjT| 

f(x 1,X 2 , •••) + h(xi,x 2 , • • •) E lir'.if) 

i£i,ren / 

lAutiri 

+ l(x\,X2, ■ ■ •) ^ A ( 9 r( r )) = 0. 

AeO,ren 1 

Since A 6 O is a linear operator and r e H is a constant, we also have 

2 



f(x i,a? 2 , — ) + 



lAutiri 

^ h(xi,X 2 , ■ ■ •) r i( r ) 

^v 1 1 ieipen 

lAutiri 

— — Z(xi,x 2 ,---) E A (r(r)) = 0, 

^v 1 / AeO,reW 



that is, 



2f<T) 

|Aut iT 



f(x 1 ,x 2 , • • •) + h(x i,x 2 , ■ ■ •) 



X] r i(r) + l(xi,x 2 , ■ ■ •) 

iG/,reW 



E A(i(r)) = o. 

Aeo.reft 



Therefore, we get that 



Similarly, if 



K(z, r(r)) = o. 



then we can also get that 



f«(x,r(r)) = 0, 



eyx, g(r)) = o. 

This completes the proof. tj 

Corollary 1.4.2 Let Q be a graph family and 7i C Q. If the embedding sequence 
g( T) of a graph T e Q satisfies a recursive relation 



°(*> r )fl , i( r ) — 0) 

ieJ.reH 
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where J is the set of index, then the rooted map sequence r(T) satisfies a recursive 
relation 



and vice via. 



E 

iGJ,FGH 



a(i, T)|Aut iT 

2e(r) ’ 



i-i(r) 



= o, 



A typical example of the Corollary 1.4.2 is the graph family bouquets B n ,n > 
1. Notice that in [24], the following recursive relation for the number g m (n ) of 
embeddings of a bouquet B n on an orientable surface with genus m for n > 2 was 
found. 



(n+l)g m (n) = 4(2n - l)(2n - 3)(n - l) 2 (n - 2)g m _ 1 (n - 2) 

+ 4(2n — l)(n — l)g m (n — 1). 

and with the boundary conditions 
g m (n) — 0 if m < 0 or n < 0; 

fl'o(O) = ^o(l) = 1 and g m ( 0) = g m { 1) = 0 for m > 0; 

9o(2) = 4, <?i(2) = 2, g m (2) = 0 for m > 1. 

Since |AutiS n | = 2 n nl, we get the following recursive relation for the number 
r m (n ) of rooted maps on an orientable surface of genus m underlying a graph B n by 
the Corollary 1.4.2 



(n 2 — l)(n — 2)r m (n) = (2n — l)(2n — 3)(n — l) 2 (n — 2)r m _ 1 (n — 2) 

+ 2(2n — l)(n — l)(n — 2)r m (n — 1), 

and with the boundary conditions 
r m (n) — 0 if m < 0 or n < 0; 

r o (0) = r 0 ( 1) = 1 and r m (0) = r m ( 1) = 0 for m > 0; 
r 0 (2) = 2,ri(2) = l,^ m (2) = 0 for m > 1. 

Corollary 1.4.3 Let Q be a graph family and Li C Q. If the embedding sequences 
g(T),T G Q satisfies an operator equation 

E A(«(r» = o, 

ago, ren 

where O denotes a set of linear operators, then the rooted map sequences r(r), Y G Li 
satisfies an operator equation 



E A( 

AGO, ren 



[AutiT 

2e(T) 



r(r» = 0, 
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and vice via. 



k 

Let 6 = (#i, 02, ■ ■ ■ , 6k) b 2 n, i.e. , J2 6j = 2 n with positive integers 9 r Kwak and 

j = i 



Shim introduced three linear operators T, 0 and A to find the total genus polynomial 
of the bouquets B n , n > 1 in [31], which are defined as follows. 



k k 

Denotes by zg and z e = 1/zg the multivariate monomials II zg i and 1/ II zg i: 

i= 1 i = 1 

where 9 = (61,62, ••• ,6k) b 2 n. Then the linear operators T, 0 and A are defined 
by 



rfa ±1 ) = EE » J {( ^ fr ^ )^} ±1 

j= 1 Z=0 

e (% ± 1 )= E («? + »,)(^ ± ^)- 1 

t=l ^ 

and 

A(z± 1 )= y + 

1 <i<j<k Z 0j Ze i 

Denotes by i[B n ](zj) the sum of all monomial zg or 1 / zg taken over all embeddings 
of B n into an oricntable or non-orientable surface, that is 

^ ] ie(B n )zg T ^ ] ig(B n ) z@ , 

9h2n Gh2n 

where, ig(B n ) and ig(B n ) denote the number of embeddings of B n into orientable 
and non-orientable surface of region type 9. They proved in [31] that 

i[B n+1 ]( Zj ) = (T + 0 + A )i[B n ](zj) = (T + 0 + A) n (- + z 2 ,). 

Z2 

and 



G[B n+ i\(x) — (T + 0 + A) n ( h zf) \ Zj =x for j> 1 and (C*)- 

Z2 

Where, (C*) denotes the condition 

(C*) : replacing the power 1 + n — 2i of x by i if i > 0 and — (1 + n + i ) by —i if 
i < 0. 

Since 



|Aut iB n 



2 e(B n ) 



2 n n\ 
2 n 



2 n ~ 1 (n — 1)! 



and T, 0, A are linear, by the Corollary 1.4.3 we know that 
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R[B n+ i](x) = 



(r + e + A)z[£ ra ](zj) 

2 n n\ 

(r + e + A ) n (j- 2 + zf) 

n 

n 2 k k\ 

k = 1 



Zj=x for j> 1 and (C*) 



|zj=£C for j> 1 and (C*)* 



For example, calculation shows that 



i?[Si](x) = x + 



a: 



and 



R[B 2 ]{x) - 2 + X + - + -] 

41 42 22 

R[Bs\{ x ) — t H — 9 H l~ 5 + 10a;; 

x 6 ar x 



„ rr)1 , n 488 690 304 93 1 ^ 2 

R[B 4 ](x) = — - H - H — H h 14 + 70a; + 21a; 2 . 



^>4 3/3 ^2 




Chapter 2 On the Automorphisms of a Klein Surface and a 
s-Manifold 



Many papers concerned the automorphisms of a Klein surface, such as, [1] , [15], 
[26], [38] for a Riemann surface by using Fuchsian group and [9] — [10], [21] for a 
Klein surface without boundary by using NEC groups. Since maps is a natural 
model for the Klein surfaces, an even more efficient approach is, perhaps, by using 
the combinatorial map theory. Establishing some classical results again and finding 
their combinatorial refinement are the central topics in this chapter. 



§1. An algebraic definition of a voltage map 
1.1 Coverings of a map 

For two maps M = {X a ^,V) and M = {X a p,V), call the map M covering the 
map M if there is a mapping n : X a ^ — > X a ^ such that \/x G X a ,/ 3 , 

an{x) = na{x), /3n{x) = 7 t(3(x) and nV{x) = Vn(x). 

The mapping 7 r is called a covering mapping. For \/x G X a , 0 , define the quadricell 
set 7r _1 (a;) by 



7r 1 (x) = {x\x G {X a fi and n{x) = x}. 

We have the following result. 

Lemma 2.1.1 Let n : X a ^ — > X a ^ be a covering mapping. Then for any two 
quadricells Xi,x 2 G X a 

(i) \'K-\x 1 )\ = \'K-\x 2 )\. 

(ii) If x i 7 ^ x 2 , then 7r _1 (a;i) r\'K~ 1 {x 2 ) = 0- 

Proof ( i ) By the definition of a map, for X\,x 2 G X at p, there exists an element 
a G Tj =< a,/3,V > such that x 2 = a{x \Y. 

Since tt is an covering mapping from M to M, it is commutative with a, f3 and 
V . Whence, n is also commutative with a. Therefore, 

Notice that o G Tj is an 1 — 1 mapping on X a p. Hence, |7r _1 (a;i)| = \ti~ 1 {x 2 )\. 
{ii) If X\ ^ x 2 and there exists an element y G vr^ 1 (a;i) f| 7r_1 (^ 2 ), then there 
must be x\ = 7i{y) = x 2 . Contradicts the assumption. t| 

The relation of a covering mapping with an isomorphism is in the following 
theorem. 
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Theorem 2.1.1 Let n : X a ^ — > X a ^ be a covering mapping. Then it is an isomor- 
phism iff it is an 1 — 1 mapping. 

Proof If 7 r is an isomorphism between the maps M = (X a ^,V) and M = 
(X Qj g,V), then it must be an 1 — 1 mapping by the definition, and vice via. t] 

A covering mapping n from M to M naturally induces a mapping 7 r* by the 
following condition: 



\/x G X Q: g, g G AutM, 7i* : g — * ngn 1 (a:). 

We have the following result. 

Theorem 2.1.2 If it : X a: g — > X a ^ is a covering mapping, then the induced mapping 
Ti* is a homomorphism from AutM to AutM. 

Proof First, we prove that for Wg G AutM and x G X a ^, 7 i*(g) G AutM. 

Notice that for \/g G AutM and x G X a 

7ig7i~ l {x) = n^gn^fx)) G X a 

and \/xi,X 2 G A ai/ 3 , if rri ^ 2 : 2 , then 7rg7r _1 (a;i) ^ 7rg7r _1 (:r 2 ). Otherwise, assume 
that 



TigTi ^xi) = TxgTi \x 2 ) = x 0 G X at p, 

then we have that Xi = 7rg _1 7r _1 (:ro) = x 2 . Contradicts to the assumption. 
By the definition, for x G X a: g we get that 



7 r*a(x) = TigTi 1 a(x) = nga7T 1 (x) = nagn 1 (x) = aTig-R 1 (x) = a7r*(a;), 

7 t */ 3 ( x ) = Tig-K^Pix) = 7r(yf/57r _1 (a;) = 7rf3g7T~ 1 (x) = fUng-K^fx) = (3n*(x). 
Notice that n(V) = V. We get that 

7 t*V(x) = 77g7r~ l V{x) = 7igV'K~ 1 (x) = TrVgn _1 (a;) = V'Kg'K~ l {x) = Vn*(x). 

Therefore, we get that Tign^ 1 G AutM, i.e., 7r* : AutilTj— » AutM. 

Now we prove that 7r* is a homomorphism from AutM to AutM. In fact, for 
Vg 1 , g 2 G AutM, we have that 

^*( 9192 ) = = (7rgi7r _1 )(7rg 2 7r _1 ) = 7T* (gi)7T* (g 2 ) . 

Whence, 7r* : AutM — * AutM is a homomorphism. t| 
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1.2 Voltage maps 

For creating a homomorphism between Klein surfaces, voltage maps are exten- 
sively used, which is introduced by Gustin in 1963 and extensively used by Youngs 
in 1960s for proving the Heawood map coloring theorem and generalized by Gross 
in 1974 ([22]). Now it already become a powerful approach for getting regular maps 
on a surface, see [5], [7], [56] — [57], [65]], especially, [56] — [57]. It often appears as an 
embedded voltage graph in references. Notice that by using the voltage graph the- 
ory, the 2-factorable graphs are enumerated in [51]. Now we give a purely algebraic 
definition for voltage maps, not using geometrical intuition and establish its theory 
in this section and the next section again. 

Definition 2.1.1 Let M = (X a ^,V) be a map and G a finite group. Call a pair 
(M, id) a voltage map with group G if id : X a ,p — > G, satisfying the following condi- 
tion: 

(i) \/x G X at p,id(ax) = d(x),'d(a/3x) = 'id(/3x) = d _1 (a;); 

(ii) WF = (x,y, ■ ■ ■ , z)(/3z,- ■ ■ , j3y, fix) G F{M), the face set of M, id(F) = 
d(xyd(y) ■ ■ -'d(z) and < il}{f)\F G F(u),u G V(M) >= G, where, F(u) denotes all 
the faces incident with the vertex u. 

For a given voltage graph (M, d), define 

X a o fjd = X a y X G 



and 



V s = [Q Y[(x g ,y g ,---,Zg)(az g ,---,ay g ,ax g ), 

(x,y,---,z)(az,---,ay,ax)£V ( M ) g&G 



a 






= a 



^ = n ( x 9i (/^W))- 

where, we use u g denoting an element ( u , g ) G X a ^ x G. 

It can be shown that M i: = V d ) also satisfying the conditions of a map 

with the same orientation as the map M. Hence, we can define the lifting map of a 
voltage map as follows. 

Definition 2.1.2 For a voltage map (M, id) with group G, the map M ® = (Xf g, V'°) 
is called its lifting map. 

For a vertex v = ( C)(aCa _1 ) G V(M), denote by {C} the quadricells in the 
cycle C. The following numerical result is obvious by the definition of a lifting map. 

Lemma 2.1.2 The numbers of vertices and edges in the lifting map M ^ are respective 
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u(M' 0 ) = v{M)\G\ and e(M‘ & ) = e(M)\G\ 

Lemma 2.1.3 Let F = (C*)(aC* a -1 ) be a face in the map M. Then there are 
\G\/o(F) faces in the lifting map M' d with length |F|o(F) lifted from the face F, 
where o(F) denotes the order of n d{x) in the group G. 

x£{C} 

Proof Let F — (u, v ■ ■ • , w) (/ 3w , • • • , /3v, j3u) be a face in the map M and k is the 
length of F . Then, by the definition, for \/g € G, the conjugate cycles 



( G ) i.^gi 'VgiDfu) -i ' ' ' i 'U j gD(F)i V gi}(F)'f}(u ) i ' ’ ’ j ^ gi}(F) 2 ■>'''■> ^g"i9 0 ( F ) _1 (F)) 

V gd(u) i ' i ^ j g'9(F)) 'Vg r &(F)'&{u)i i ^ g r d(F) 2 i i ^ 1 (i 7 ’)) P 

is a face in M® with length ko(F). Therefore, there are \G\/o(F) faces in the lifting 
map M {> . altogether. t|. 

Therefore, we get that 



Theorem 2.1.3 The Euler characteristic y(M 1? ) of the lifting map M’ 0 of the voltage 
map ( M , G) is 



x(M a ) = \G\(x(M) + Y. (-! + ^)). 

meO(F(M)) 171 

where 0(F(M)) denotes the order o(F) set of the faces in M . 



Proof According to the Lemma 2.1.2 and 2.1.3, the lifting map M' 1 has \G\v{M) 
vertices, \G\e(M) edges and |G| J2 — faces. Therefore, we get that 

meo(F(M)) m 



X{M») 



- e{M°) + <f(M & ) 

\G\v(M) - |G|e(M) + |G| Y. ~ 

meO(F(M)) 171 

\G\(x(M)-m)+ E -) 

meO(F(M)) 171 

|G|(x(M)+ E (-! + -))• b 

meO(F(M)) 171 



§2. Combinatorial conditions for a group being that of a map 

Locally characterizing that an automorphism of a voltage map is that of its 
lifting is well-done in the references [40] — [41]. Among them, a typical result is the 
following: 
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An automorphism ( of a map M with voltage assignment i) G is an automor- 
phism of its lifting map M" 0 if for each face F with d(F) = 1 G , tt(((F)) = 1 G . 

Since the central topic in this chapter is found what a finite group is an automor- 
phism group of a map, i.e., a global question, the idea used in the references [40] — [41] 
are not applicable. New approach should be used. 

2.1 Combinatorial conditions for an automorphism group of a map 

First, we characterize an automorphism group of a map. 

A permutation group G action on is called fixed-free if G x = 1 G for \/x G Q. 
We have the following. 

Lemma 2.2.1 Any automorphism group G of a map M = (X a ,g,F) is fixed-free on 

X a ,/3- 

Proof For \/x G X a p, since G F Aut M, we get that G x F (AutM)^. Notice that 
(AutM),. = 1 G . Whence, we know that G x = 1 G , i.e., G is fixed-free. \\ 

Notice that the automorphism group of a lifting map has a obvious subgroup, 
determined by the following lemma. 

Lemma 2.2.2 Let M'° be a lifting map by the voltage assignment i) : X a ^ — > G. 
Then G is isomorphic to a fixed-free subgroup of Aut on 

Proof For \/g G G , we prove that the induced action g* : X (x » p-» — > X (x » ps by 
g* : Xh —■ ► x g h is an automorphism of the map M . 

In fact, g* is a mapping on X a # pe and for \/x u G X a « p#, we get g* : x g -i u — > x u . 
Now if for Xh-,yf G X a ^^,Xh. ^ Vf, we have that g*(xh ) = g*(yf), that is, 
x g h = y g fi by the definition, we must have that x = y and gh = gf, i.e., h = f. 
Whence, Xh. = yg , contradicts to the assumption. Therefore, g* is 1 — 1 on X a o p -» . 

We prove that for x u G X a « p«, g* ia commutative with a ^,(3^ and V' 1 . Notice 
that 



g*a' & x u = g*(ax) u = (ax) gu = ax gu = ag*(x u ); 



g*(3 & {x u ) = g*(Px) u #( x ) = (f3x) gu ip x ) = /3x gu ^ x ) = f3^(x gu ) = (3® g*{x u ) 

and 

g*V*(x u ) 

9 \ | 1 1 (*^t n Vui i 5 ^Vui ) 

(x,y,---,z)(az,--,ay,otx)(E:V ( M ) u^G 



9 Vu Vgu 
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n n ( x guiVgui 

(x,y,---,z)(az,---,ay,ax)EV (M) guEG 

V\x gu ) = V*g*(x u ). 



j Z gu ) (ptZgui j ^Vgui CXX gu ) fi' 



gu) 



Therefore, g* is an automorphism of the lifting map M . 

To see g* is fixed-free on V (M), choose Vw = (xh, Hh, • • • , zfi) (azh, • • • , ayh, ocxfi) £ 
V(M), h G G. lig*{u) = u, i.e., 



( fighi Ughi j Z gh) ip^Zghi i Vgh i gh ) (Xhi Vhi ' > Zyfi ip^hi i ^Vht OiXffi. 

Assume that x g / ( , = w h , where w h G {a:^, Vh,"‘, z h, OiX h , oty h , • • • , a^}. By the 
definition, there must be that x = w and gh = h. Therefore, g = 1^, i.e., V-jgG, 
g* is fixed- free on V(M). 

Now define r : g* — > g. Then r is an isomorphism between the action of elements 
in G on X o: o ^ and the group G itself. \\ 

According to the Lemma 2.2.1, given a map M and a group G ^ AutM, we can 
define a quotient map M/G = (X a> p/G, V/G) as follows. 

X a ,p/G = {x G \x G X a p}. 

where x G denotes an orbit of G action on X a ^ containing x and 

V/G = (x G ,y G , • ••)(•••, ay G ,ax G ), 

(x,y,---,z)(az,---,ay,ax)G.V ( M ) 

since G action on X a ^ is fixed-free. 

Notice that the map M may be not a regular covering of its quotient map M/G. 
We have the following theorem characterizing a fixed-free automorphism group of a 
map on V (M). 

Theorem 2 . 2.1 An finite group G is a fixed-free automorphism group of a map 
M = ( X a s,V ) on V(M) iff there is a voltaqe map ( M/G,G ) with an assignment 
ti-.xfi/G J g such that M~(M/G)'. 

Proof The necessity of the condition is already proved in the Lemma 2.2.2. We 
only need to prove its sufficiency. 

Denote by tt : M — > M/G the quotient map from M to M/ G. For each element 
of 7r~ 1 (;r G ), we give it a label. Choose x G 7r” 1 (a; G ). Assign its label l : x — ■> xi G , 
i.e., l(x) = x 1g . Since the group G acting on X a ^ is fixed- free, if u G 7r _1 (a; G ) and 
u = g(x),g G G, we label u with l(u) = x g . Whence, each element in 7r _1 (a; G ) is 
labelled by a unique element in G. 

Now we assign voltages on the quotient map M/G = (X a ^/G,V /G). If fix = 
y,y G 7t” 1 (?/ g ) and the label of y is l(y) = y^h G G, where, l(y*) = 1 <3, then 
we assign a voltage h on x G ,i.e., A(x G ) = h. We should prove this kind of voltage 
assignment is well-done, which means that we must prove that for Vu G 7r -1 (a; G ) 
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with l(v) = j,j G G, the label of (3v is l((3v) = jh. In fact, by the previous labelling 
approach, we know that the label of f3v is 



KM = KKgx) = KaM 

= Kav) = Kahy*) = gh. 

Denote by M l the labelled map M on each element in X a ^. Whence, M l = M. 
By the previous voltage assignment, we also know that M l is a lifting of the quotient 
map M/G with the voltage assignment 1 9 : X a ^/G — > G. Therefore, 

M = (M/Gy. 

This completes the proof. t] 

According to the Theorem 2.2.1, we get the following result for a group to be an 
automorphism group of a map. 

Theorem 2.2.2 If a group G, G A Aut M, is fixed- free on V(M), then 
|G|( X (M/G)+ £ (-1 + i)) = x (M). 

meO(F(M/G)) m 

Proof By the Theorem 2.2.1, we know that there is a voltage assignment i) on 
the quotient map M/G such that 



M ** (M/Gy. 

Applying the Theorem 2.1.3, we know the Euler characteristic of the map M is 



X (M) = \G\( X (M/G) 



m&0(F(M/G )) 



Theorem 2.2.2 has some useful corollaries for determining the automorphism 
group of a map. 

Corollary 2.2.1 If M is an orientable map of genus p, G A Aut M is fixed-free on 
V(M) and the quotient map M/G with genus 7 , then 



\G\ = 



2p — 2 



27-2+ E 

meO(F(M/G)) 



Particularly, if M/G is planar, then 

\G\ = 



2p — 2 



-2+ E 

meO(F(M/G)) 
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Corollary 2.2.2 If M is a non-orientable map of genus q, G P Aut M is fixed-free 
on V(M) and the quotient map M/G with genus 5, then 



\G\ = 



q _^ 2 

d — 2 + E (1 -£))' 

meO(F(M/G)) 



Particularly, if M/G is projective planar, then 

q~ 2 



|G| = 



-1+ E (1 -X)Y 

meO(F(M/G)) 



By applying the Theorem 2.2.1, we can also calculate the Euler characteristic 
of the quotient map, which enables us to get the following result for a group being 
that of a map. 

Theorem 2.2.3 If a group G, G A AutM, then 

X(M)+ y (|$„(j)|+|* / ( 9 )|) = |G|x(M/G), 
geG,g^i a 

where, $„(<?) = {v\v G V(M),v 9 = v} and = {f\f G F(M),f 9 = /}, and if 

G is fixed-free on V(M ), then 

X(M)+ y \<b,(g)\ = \G\ X (M/G). 

g&G,g^lG 



Proof By the definition of a quotient map, we know that 

MM/G) = or MG) = 2- y |*„(s)| 

l G l g&G 

and 

<p,(M/G) - orb f {G) — 2— y $/( 9 )|, 

l G l geG 

by applying the Burnside Lemma. Since G is fixed-free on X a ,p by the Lemma 2.1, 
we also know that 



e{M/G) 



e{M) 

~W' 



Applying the Euler- Poincare formula for the quotient map M/G, we get that 



E \* v {g)\ 

gGG 



e{M ) 

~W 



E \® f (g)\ 



+ EE 



|G| 



|G| 



X{M/G). 
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Whence, we have 



E l«M»)l - < M ) + E l*/(s)l = \G\x(M/G). 

g£G g£G 

Notice that v(M) = |$„(1g)|, fi(M) = |$/(1g)| and v(M) — e(M) +0(M) = y(M). 
We know that 



x(M)+ E: (l*»(s)l + l*/(s)l) = \G\x(M/G). 

g&G,g^l c 

Now if G is fixed- free on V (M), by the Theorem 2.1, there is a voltage assignment 
{) on the quotient map M/G such that M = (M/Gy. According to the Lemma 
2.1.2, we know that 



Whence, Y |$„(<?)| 

g£G 



v(M/G ) 

= v(M) and Y, 

g£G,g^lG 



_ u(M) 

:= "iGp 



0. Therefore, we get that 



x(M)+ E: l*/(s)l = \G\x(M/G). 1| 

g&G,g^l G 



Consider the properties of the group G on F(M ), we get the following interesting 
results. 



Corollary 2.2.3 If a finite group G, G A Aut M is fixed-free on V ( M ) and transitive 
on F(M), for example, M is regular and G = Aut M, then M/G is an one face map 
and 



X (M) — |G| (x(M/ G) — 1) + fi(M) 

Particularly, for an one face map, we know that 

Corollary 2.2.4 For an one face map M , if G, G F Aut M is fixed-free on V(M), 
then 



X (M) — 1 = \G\( X (M/G) — 1), 
and |G|, especially, |AutM| is an integer factor of x(M) — 1. 

Remark 2.2.1 For an one face planar map, i.e., the plane tree, the only fixed-free 
automorphism group on its vertices is the trivial group by the Corollary 2.4. 

2.2 The measures on a map 

On the classical geometry, its central question is to determine the measures on 
the objects, such as the distance, angle, area, volume, curvature, .... For maps being 
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a combinatorial model of Klein surfaces, we also wish to introduce various measures 
on a map and enlarge its application filed to other branch of mathematics.. 

2.2.1 The angle on a map 

For a map M = (X a ^, V),x £ the permutation pair {(T, Vx), (ax, V~ l ax)} 
is called an angle incident with x, which is introduced by Tutte in [66]. We prove 
in this section that any automorphism of a map is a conformal mapping and affirm 
the Theorem 1.2.7 in Chapter 1 again. 

Define an angle transformation 0 of angles of a map M = (X a ^,V) as follows. 

0 = (x, Vx). 

cn,/3 

Then we have 

Theorem 2.2.4 Any automorphism of a map M = (X a ^,V) is conformal. 

Proof By the definition, for \/g G Aut M, we know that 

ag = ga, fig = g/3 and Vg = gV. 

Therefore, for \/x G X a , 0 , we have 

® 9 {x) = (g(x),Vg(x)) 

and 

g<d(x) = g(x,Vx) = (g(x), Vg(x)). 

Whence, we get that for \/x G X a ^, Qg(x) = gO(x). Therefore, we get that 

= p©4-e., gQg- 1 = ©• 

Since for \/x G X a ^, gQg~ l fx) = (g(x),Vg(x)) and Q(x) = (x,V(x)), we have 
that 



(g(x),Vg(x)) = (x,V(x)). 

That is, g is a conformal mapping. t] 

2.2.2 The non-Euclid area on a map 

For a given voltage map (M, G ), its non-Euclid, area p(M, G ) is defined by 
n(M,G) — 27r(— x(M) + ( — 1 + — ))• 

meO(F(M)) m 

Particularly, since any map M can be viewed as a voltage map (M, 1^), we get the 
non-Euclid area of a map M 



p(M) = p(M, 1 G ) = -27 tx(M). 
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Notice that the area of a map is only dependent on the genus of the surface. We 
know the following result. 

Theorem 2.2.5 Two maps on one surface have the same non-Euclid area. 

By the non-Euclid area, we get the Riemann-Hurwitz formula in Klein surface 
theory for a map in the following result. 

Theorem 2.2.6 If G ■< Aut M is fixed-free on V(M), then 

= r(M) 

1 T| fi(M/G,dy 

where I) is constructed in the proof of the Theorem 2.2.1. 

Proof According to the Theorem 2.2.2, we know that 



|G| 



-X(M) 

-X(M) + E (-1 + £) 
meO(F(M)) 

\ 1 A/l 

2 *(— *(M) + E (-1 + £)) 

meO(F(M)) 



PM 0 

n(M/G,#y 



As an interesting result, we can obtain the same result for the non- Euclid area 
of a triangle as the classical differential geometry. 

Theorem 2.2.7([42]) The non-Euclid area p(A) of a triangle A on a surface S with 
internal angles rp 6 , o is 



p(A) = rj + 6 + a — n. 

Proof According to the Theorem 1.2.1 and 2.2.5, we can assume there is a trian- 
gulation M with internal angles 77 , 9 , a on S and with an equal non-Euclid area on 
each triangular disk. Then 



<KM)n{ A) = n{M) = -2n X (M) 

= — 2 vr (u(M) - e{M) + 4>{M)). 

Since M is a triangulation, we know that 

2 e(M) = 3 

Notice that the sum of all the angles in the triangles on the surface S is 2nu(M), 
we get that 
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4>{M)n{ A) = —2t t{u(M) - e{M) + </>(M)) = (2 u(M) - </>(M )) tt 
4>{m) 

= ^2 [(-r] + 9 + a) - n) = + 9 + a - n). 

i = 1 

Whence, we get that 



/i(A) = // + 0 + cr - 7T. tj 



§3. A combinatorial refinement of Huriwtz theorem 



In 1893, Hurwitz obtained a famous result for the orientation-preserving auto- 
morphism group Aut + <S of a Riemann surface S( [11] [18] [22]): 

For a Riemann surface S of genus g(S ) > 2, Aut + <S < 84(p(«5) — 1). 

We have known that the maps are the combinatorial model for Klein surfaces, 
especially, the Riemann surfaces. What is its combinatorial counterpart? What we 
can say for the automorphisms of a map? 

For a given graph T, define a graphical property P to be its a kind of subgraphs, 
such as, regular subgraphs, circuits, trees, stars, wheels, • • •. Let M = (X a ,p,'P) be 
a map. Call a subset A of X a ^ has the graphical property P if the underlying graph 
of A has property P. Denote by A(P, M) the set of all the A subset with property 
P in the map M. 

For refinement the Huriwtz theorem, we get a general combinatorial result in the 
following. 

Theorem 2.3.1 Let M = (X ct ,p->'P) be a map. Then for VG -< Aut M, 

[|u G ||u G V(M)\ | |G| 

and 

\G\ \ \A\\A(P,M)\, 

wherefa, b, ■ ■ ■} denotes least common multiple of a, b, ■ ■ 

Proof According to a well-known result in the permutation group theory, for 
Vu G V(M), we know |G| = |G„||i; G |. Therefore, \v G \ \ \G\. Whence, 

[|u G ||u G V (M)\ | |G|. 

The group G is fixed-free action on i.e., \/x G A Q)/ g, we have \G X \ = 1 (see 
also [28]). 
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Now we consider the action of the automorphism group G on A(P, M). Notice 
that if A e A(P, M), then then Mg e G,A 9 ) £ A(P, M), i.e., A G C A(P, M). That 
is, the action of G on A(P, M) is closed. Whence, we can classify the elements in 
A(P, M ) by G. For Mx, y e A(P, M), define x ~ y if and only if there is an element 
g, g G G such that x 9 = y. 

Since \G X \ = 1, i.e., |x G | = |G|, we know that each orbit of G action on X a g has 
a same length |G|. By the previous discussion, the action of G on A(P, M) is closed, 
therefore, the length of each orbit of G action on A(P,M ) is also |G|. Notice that 
there are |t4|| v 4(P, M)\ quadricells in A(P,M). We get that 

\G\ I |^||^(P,M)|. 

This completes the proof. t| 

Choose property P to be tours with each edge appearing at most 2 in the map 
M. Then we get the following results by the Theorem 2.3.1. 

Corollary 2.3.1 Let Tr 2 be the set of tours with each edge appearing 2 times. Then 
for MG Mi Aut M, 



\G\ | (l\Tr 2 \, l — \T\ — '-A > 1, T e Tr 2 , ). 

Let Try be the set of tours without repeat edges. Then 

|G| I (2i|Tr 1 |,i=|T| = T>l, Tern,). 

Particularly, denote by (f>(i,j) the number of faces in M with facial length i and 
singular edges j , then 



l G l i (( 2 i-j)<j>(i,j),i,3 > !), 

where, {a, b, ■ ■ •) denotes the greatest common divisor of a,b, ■ ■ ■. 

Corollary 2.3.2 Let T be the set of trees in the map M . Then for MG M Aut M , 

|Gf | (2/M>l), 

where ti denotes the number of trees with l edges. 

Corollary 2.3.3 Let v t be the number of vertices with valence i. Then for MG M 
Aut M, 



|G| j (2 ivi,i > 1). 



Theorem 2.3.1 is a combinatorial refinement of the Hurwitz theorem. Applying 
it, we can get the automorphism group of a map as follows. 
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Theorem 2.3.2 Let M be an orientable map of genus g(M ) > 2. Then for\/G ■< 
Aut + M, 



and for VG ■< Aut M, 



\G\ < 84(g(M) — 1) 



\G\ < 168 (g(M) - 1). 



Proof Define the average vertex valence u(M) and the average face valence (f>(M) 
of a map M by 



v{M) 



1 

u{M) 



i> 1 



m) = 

where, z/(M),0(M),0(M) and <f>j denote the number of vertices, faces, vertices of 
valence % and faces of valence j, respectively. 

Then we know that = <f>(M)(j)(M) = 2 e(M). Whence, u(M) = 

and (f>(M) = . According to the Euler formula, we have that 



u{M) - e(M) + 4>(M) = 2 - 2 g(M), 

where, £ (M), g(M) denote the number of edges and genus of the map M. We get 
that 



Choose the integers k 



e{M) = 



2 (g(M) - 1) 

' v(M) <t>(M) ' 



\v(Mf\ and l = \(f>(M)]. We have that 



sm < 

A k u 

Because 1 — | | > 0, So k > 3,1 > -jfK,. Calculation shows that the minimum 

value of 1 — | | is and attains the minimum value if and only if (k, l ) = (3, 7) 

or (7,3). Therefore, 



e{M < 42 (g(M) - 1)). 

According to the Theorem 2.3.1 and its corollaries, we know that |G| < 4 e(M) 
and if G is orientation-preserving, then |G| < 2 e(M). Whence, 



|G| < 168(g(M)-l)) 
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and if G is orientation-preserving, then 

\G\ < 8A(g(M) - 1)), 

with equality hold if and only if G = AntM, (k, l ) = (3, 7) or (7, 3) tj 
For the automorphism of a Riemann surface, we have 

Corollary 2.3.4 For any Riemann surface S of genus g > 2, 

4 g(S) + 2 < |Aut + S| < 84(g(S) - 1) 

and 

8 g(S) + 4 < | Aut»S | < 168(s(S) - 1). 

Proof By the Theorem 1.2.6 and 2.3.2, we know the upper bound for |Aut«S| and 
|Aut + «S|. Now we prove the lower bound. We construct a regular map M k = (A fc , V k ) 
on a Riemann surface of genus g > 2 as follows, where k — 2g + 1. 

X k = {xi, x 2 , ■ ■ ■ , x k , ax i, ax 2l • • • , ax k , f3x 1 , fix 2 , • • • , /3a: fc , a(3xi, a/3x 2 , • • • , 



■Pfc = (xi, x 2 , ■ • • , x k , a(3x\, af3x 2 , • • • , a(3x k )((ix k , • • • , f5x 2 , fix i, • • • , 0 x 2 , axi). 

It can be shown that is a regular map, and its orientation-preserving auto- 
morphism group Aut + Mfc =< V k >. Direct calculation shows that if k = 0(mod2), 
M k has 2 faces, and if k = 1, M*, is an one face map. Therefore, according to the 
Theorem 1.2.6, we get that 

|Aut + 5| > 2 e(Mk) > 4(7 + 2, 

and 

|Aut«S| > 4 e(Mk) >8(7 + 4 . t] 

For the non-orientable case, we can also get the bound for the automorphism 
group of a map. 

Theorem 2.3.3 Let M be a non-orientable map of genus g'(M ) > 3. Then for 
MG + Aut + M, 

|G| < 42(g'(M) — 2) 

and for MG + Aut M, 




Chapter 2 On the Automorphisms of a Klein Surface and a s-Manifold 



41 



|G| < 84 (g'(M) - 2), 

with the equality hold iff M is a regular map with vertex valence 3 and face valence 
7 or vice via. 

Proof Similar to the proof of the Theorem 2.3.2, we can also get that 

e(M < 21 (g'(M) — 2)) 

and with equality hold if and only if G — AutM and M is a regular map with vertex 
valence 3, face valence 7 or vice via. According to the Corollary 2.3.3, we get that 

\G\ < 4 e(M) 

and if G is orientation-preserving, then 

|G| < 2 e(M). 

Whence, for VG ■< Aut + M, 

\G\ < 42 (g\M) - 2) 

and for VG ^ AutM, 

|G| < 84(^'(M) — 2), 

with the equality hold iff M is a regular map with vertex valence 3 and face valence 
7 or vice via. t] 

Similar to the Hurwtiz theorem for a Riemann surface, we can get the upper 
bound for a Klein surface underlying a non-oricntablc surface. 

Corollary 2.3.5 For any Klein surface /C underlying a non-orientable surface of 
genus q > 3, 



|Aut + /C| < 42(g - 2) 

and 



| Aut/C | < 84(g-2). 

According to the Theorem 1.2.8, similar to the proof of the Theorem 2.3.2 and 
2.3.3, we get the following result for the automorphisms of an s-manifold as follows. 

Theorem 2.3.4 LetC(T, n) be a closed s-manifold with negative Euler characteristic. 
Then AutC(T, n) < 6 n and 



|AutC(T, n)\ < -21 x(C(T,n))- 
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with equality hold only if C{T,n ) is hyperbolic, where x(C(T,n)) denotes the genus 
of C(T,n). 

Proof The inequality |AutC(T, n)\ < 6 n is known by the Corollary 2.3.1. Similar 
to the proof of the Theorem 2.3.2, we know that 



e{C{T,n)) = 



- x(C(T,n )) 



1 _ 2 
3 k 



where k = U / C r r , n ^ J2 i^i < 7 and with the equality holds only if k — 7, i.e., C(T,n ) 
is hyperbolic. t] 



§4. The order of an automorphism of a Klein surface 

Harvey [26] in 1966, Singerman [60] in 1971 and Bujalance [9] in 1983 considered 
the order of an automorphism of a Riemann surface of genus p > 2 and a compact 
non-orientable Klein surface without boundary of genus q > 3. Their approach is 
by using the Fuchsian groups and NEC groups for Klein surfaces. The central idea 
is by applying the Riemann- Hurwitz equation , stated as follows: 

Let G be an NEC graph and G' be a subgroup of G with finite index. Then 

1W) 

where, p(G) denotes the non-Euclid area of the group G, which is defined as if 

a = (g- ±; [mi, {(nn,., BlIi ), • • • , (n k i, • • • , n ks )}) 

is the signature of the group G, then 

KG) = 2? r[r]g + k- 2 + ^(1 - 1 /m») + 1/2 ^^(1 - 1/n^)], 

i= 1 i=l j=l 

where, rj — 2 if sign(a) = + and rj — 1 otherwise. 

Notice that we have introduced the conception of non-Euclid area for the voltage 
maps and have gotten the Riemann-Hurwitz equation in the Theorem 2.2.6 for a 
fixed-free on V(M) group. Similarly, we can find the minimum genus of a map, 
fixed-free on its vertex set by the voltage assignment on its quotient map and the 
maximum order of an automorphism of a map. 

4.1 The minimum genus of a fixed-free automorphism 

k 

Lemma 2.4.1 Let N = II < P 2 < • • • < p k be the arithmetic decomposition 

i= 1 

of the integer N and > 1, mfN for i — 1, 2, • • * , k. Then for any integer s > 1, 
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±(i- — ) > 2(1- — >l|j. 

mi p i 2 



i = 1 



Proof If s = 0(mod2), it is obvious that 



rm Cl Pi Pi 

Now assume that s = l(mod2) and there are rri tj ^ p \ , j = 1,2, 
assertion is not true, we must have that 



• , /. If the 






V i 



l=i 



771 ;, 



P 2 



Whence, we get that 



(1 --)/ >(1-— )Z + 1-— >(1-— )Z. 

Pi P 2 Pi Pi 



A contradiction. Therefore, we have that 






i = 1 



Lemma 2.4.2 For a map M = {X a ^,V) with <j>(M) faces and N = n vWv\ < 

p 2 < ■ ■ ■ < p k , the arithmetic decomposition of the integer N , there exists a voltage 
assignment d : X a p — > Zjv stic/i that for G F(M), o{F ) = 77 1 if(j)(M ) = Q(rriod2) 
or there exists a face F 0 G F(M), o(F) = pi forWF G F(M) \ {F 0 }, but o(F 0 ) = 1. 

Proof Assume that / 1 , / 2 , • • • , f n , where, n = <j>(M), are the n faces of the map 
M. By the definition of voltage assignment, if x,[3x or x,af3x appear on one face 
fi, 1 < i < n altogether, then they contribute to '$(/*) only with d(x)d~ 1 (x) = 1 z N - 
Whence, not loss of generality, we only need to consider the voltage Xij on the 
common boundary among the face fi and fj for 1 < i,j < n. Then the voltage 
assignment on the n faces are 



d(fl) = X12X13 ■ "Xin, 



d(/ 2 ) = 7:212:23 • ■■ x 2n , 



d(fn) X n i X n 2 ‘ ‘ ‘ X n ^ n _ip 
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We wish to find an assignment on M which can enables us to get as many 
faces as possible with the voltage of order p\ . Not loss of generality, we can choose 
d pi (/i) = 1 z N in the first. To make d pi (f 2 ) = 1 z N , choose x 23 = x^, ■ ■ ■ , x 2n = xff. 
If we have gotten d pi (fi) = 1 z N and i < n if n = 0(mod2) or i < n — 1 if 
n = l(mod2), we can choose that 

x {i+l){i+2) — X i(i+ 2)i ' Z '(*+l)(*+3) = ^( 1 + 3 ) J ' ' ' > x (i+l)n = x in 1 
which also make d pi (/,: + 1 ) = 1 z N - 

Now if n = 0(mod2), this voltage assignment makes each face fi, 1 < i < n 
satisfying that d pi (/i) = 1 z N - But if n = l(mod2), it only makes d pi (/j) = 1 z N for 
1 < i < n — 1, but d(f n ) = 1 z N - This completes the proof. t] 

Now we can prove a result for the minimum genus of a fixed-free automorphism 
of a map. 

Theorem 2.4.1 Let M = be a map and N = p? • • • p r k k , pi < p 2 < 

■ ■ ■ < pk, be the arithmetic decomposition of the integer N. Then for any voltage 
assignment d : — > Zn, 

( i ) if M is orientable, the minimum genus g m i n of the lifting map M® which 
admits an automorphism of order N, fixed-free on is 

9min = 1 + N{g(M) — 1 + (1 — £ 

meO(F(M)) P 1 

{ii) if M is non- orientable, the minimum genus g' min of the lifting map M'° which 
admits an automorphism of order N, fixed-free on V(M^), is 

g' min = 2 + N{g(M) - 2 + 2(1 - f) 1, 

Pi ^ 

Proof (i) According to the Theorem 2.2.1, we know that 

2 - 2 g{M°) = N{{2 - 2 g{M)) + ^ (-1 + -)}. 

meO(F{M)) 171 

Whence, 



2g(M») = 2 + N{2g(M)-2+ ^ (1 - 

meO(F(M)) m 

Applying the Lemma 2.4.1 and 2.4.2, we get that 

g m ,n = 1 + N{g(M) - 1 + (1 - -IL^khj} 

Pi z 



(ii) Similarly, by the Theorem 2.2.1, we know that 
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2 - g(M°) = JV{(2.- g(M)) + V (- 1 + 4-)>. 

meO(F(M)) m 

Whence, 

g(M^) — 2 + N{g{M) — 2 + £ (1--)}. 

meO(F(M)) 171 

Applying the Lemma 2.4.1 and 2.4.2, we get that 

g' min = 2 + N{g(M) -2 + 2(1 - 2-) }. ^ 

4.2 The maximum order of an automorphism of a map 

For the maximum order of an automorphism of a map, we have the following 
result. 

Theorem 2.4.2 The maximum order N max of an automorphism g of an orientable 
map M of genus> 2 is 



N max A 2 g(M) + 1 

and the maximum order N' max of a non- orientable map of genus> 3 is 

Nmax A g(M) + 1, 

where g(M) is the genus of the map M. 

Proof According to the Theorem 2.2.3, denote G =< g >, we get that 



X(M)+ Y. (I*«(s)l + l*/(s)l) = \G\x(M/G), 
geG,g^lG 

where, &f(g) = {F\F G F(M),F 9 = F} and $ v (g) = {v\v G V(M),v 9 = v}. If 
9 ~f~ 1 G, direct calculation shows that <L/(g) = &f(g 2 ) and $„((/) = & v (g 2 ). Whence, 



and 



E l*»(«)l = (|G| - l)|*„(s)| 

g&G,g^l a 



E l*/(s)l = (|G| — l)l*/(s)l- 

geG,g^lG 

Therefore, we get that 



X (M) + (|G| - 1)|<M<?)I + (|G| - l)|*,(s)| = \G\ X (M/G) 
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Whence, we have that 

x(M) - (|<M<?)I + l*/(s)l) = \G\(x(M/G) - (IM<?)I + mm- 

If x(M/G) - (|$„(^)| + |$/(c/)D = 0,i.e., x{M/G) = |$„(#)| + |$/(#)| > 0, then 
we get that g(M ) < 1 if M is orientable or g(M) < 2 if M is non-orientable. Con- 
tradicts to the assumption. Therefore, x(M/G) — (|$ tJ (^)| + |$/(^)|) ^ 0. Whence, 
we get that 



\G\ 



x(M)~(\$ v (g)\ + \$ f (g)\) 

X (M/G)-{\*M\ + \* f m [ ’ 



Notice that \G\,x{M) - (|$„(fiO| + |$/(s0|) and x(Af/G ) - (IMfiOl + I $/(#)!) are in- 
tegers. We know that the function H(v, /; g ) takes its maximum value at x(M/G) — 
(| < 3>„((?)| + \§f(g)\) = —1 since x(M) < —1. But in this case, we get that 



\G\ = + \® f (g)\ ~ x(M) = 1 + x(M/G) - X {M). 

We divide the discussion into to cases. 



Case 1 M is orientable. 

Since x{M/G) + 1 = (| < 3> tJ (<?)| + |<l>/(g)|) > 0, we know that y(M/G) > — 1. 
Whence, y(M/G) = 0 or 2. Therefore, we have that 



|G| = 1 + X(M/G) - X (M) < 3 - X {M) = 2 g(M) + 1. 

That is, N max < 2 g(M) + 1. 

Case 2 M is non-orientable. 

In this case, since %(M/G) > —1, we know that %(M/G) = —1,0,1 or 2. 
Whence, we have that 



\G\ = 1 + x(M/G) - X {M) < 3 - X (M) = g(M) + 1. 

This completes the proof. tj 

According to this theorem, we get the following result for the order of an auto- 
morphism of a Klein surface without boundary by the Theorem 1.2.7, which is even 
more better than the results already known. 

Corollary 2.4.1 The maximum order of an automorphism of a Riemann surface 
of genus> 2 is 2 g(M) + 1, and the maximum order of an automorphism of a non- 
orientable Klein surface of genus> 3 without boundary is g(M) + 1. 

The maximum order of an automorphism of a map can be also determined by 
its underlying graph, which is stated as follows. 
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Theorem 2.4.3 Let M be a map underlying the graph G and o max (M , g), o max (G , g) 

be the maximum order of orientation-preserving automorphism in Aut M and in 

AutiG. Then 
2 



Omax C M,g ) < Omax (G,g), 

and the equality hold for at least one map underlying the graph G. 

The proof of the Theorem 2.4.3 will be delayed to the next chapter after we prove 
the Theorem 3.1.1. By this theorem, we get the following interesting results. 

Corollary 2.4.2 The maximum order of an orientation-preserving automorphism of 
a complete map 1C n ,n > 3, is at most n. 

Corollary 2.4.3 The maximum order of an orientation-preserving automorphism of 
a plane tree T is at most \T\ — 1 and attains the upper bound only if the underlying 
tree is the star. 




Chapter 3 On the Automorphisms of a Graph on Surfaces 



For determining the automorphisms of a map, an alternate approach is to con- 
sider the action of the semi-arc automorphism group of its underlying graph on 
the quadricells and to distinguish which is an automorphism of the map and which 
is not. This approach is first appeared in the reference [43] as an initial step for 
the enumeration of the non-equivalent embeddings of a graph on surfaces, and also 
important for enumeration unrooted maps underlying a graph on surfaces used in 
Chapter 4. 



§1. A necessary and sufficient condition for a group of a graph being 
that of a map 



Let T = (V, E ) be a connected graph. Its automorphism is denoted by AutY. 
Choose the base set X = E(T). Then its quadricells X a ^ is defined to be: 

Xc,D = U {x, ax, (3x, (3a(3x}, 

xex 

where, K = {1, a, (3, a/3} is the Klein 4- elements group. 

For \/g G AutF, define an induced action g^’t 3 of g on X a ^ as follows. 

For Vx G X aJ 3 , if x 9 = y, then define (ax) 9 = ay, (/3x) 9 = (3y and (a/3x) 9 = a/3y. 

Let M = (X a jj,V) be a map. According to the Theorem 1.2.5, for an auto- 
morphism g G AutM and g\v(M) ■ u — » v, u,v G V(M), if u 9 = v, then call g 
an orientation-preserving automorphism, if u 9 = o -1 , then call g an orientation- 
reversing automorphism. For any g G AutM, it is obvious that g \ r is orientation- 
preserving or orientation-reversing and the product of two orientation-preserving au- 
tomorphisms or orientation-reversing automorphisms is orientation-preserving, the 
product of an orientation-preserving automorphism with an orientation-reversing 
automorphism is orientation-reversing. 

For a subgroup G A AutM, define G + A G being the orientation-preserving 
subgroup of G. Then the index of G + in G is 2. Assume the vertex v to be 
v = (xi, x 2 , ■ ■ ■ , x p ^ v ' ) )(aXp^, ■ ■ ■ , ax 2 , axi). Denote by < v > the cyclic group 
generated by v. Then we get the following property for the automorphisms of a 
map. 

Lemma 3.1.1 Let G A AutM be an automorphism group of a map M. Then 
\/v G V(M), 

(i) if'ig G G,g is orientation-preserving, then G v A < v >, is a cyclic group; 

(ii) G v A < v > x < a >. 
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Proof (i) Let M = (X a ^,V). since for any \/g E G, g is orientation-preserving, 
we know for \/v E V (M) ,h E G v , v h — v. Assume the vertex 

v (Ai 7 x 2 5 7 % p(v ) ) 7 cnT'p( ? j) — 1 7 ■ ■ ■ 7 crxi) . 

Then 



[(.7 ^ , ^2, 7 X p(v) ) (c^-£p(?7) 7***7 7 ^^1 ) ] (r 1 7 X 2 7***7 p{v) ) (o^pftj) 7***7 ^^27 • 



Therefore, if /i(xi) = 1 < k < p(v ) , then 



h [(-^1 7 *^2 7 * * * 7 -Kp(v) ) (ojXpp;) 7 OlXp( v )— 1 7 * * * 7 Q!Xl )] V • 

ff h(xi) = aa:p( ? ,)_fc + i, 1 < k < p(v), then 

h = [(xi, x 2 , ■ ■ ■ , Xp( v ))(atx p ( v ), ax p ( v yi, ■ ■ • , ax^a = v k a. 

But if h = v k a, then we know that v h = v a = u _1 , i.e., h is not orientation- 
preserving. Whence, h = v k , 1 < k < p(v), i.e., each element in G v is the power of 
v. Assume £ is the least power of elements in G v . Then G v =< if < v > is a 
cyclic group generated by if. 

{ii ) For \/g E G v , v° = v, i.e., 



[(xi, x 2 , ■ ■ • , x p )(ax p , aXp-i, • • • , axf )] 9 = (aq, x 2 , ■ ■ • , x p )(ax p , ax p _ u • • • , axf). 

Similar to the proof of (f), we know there exists an integer s, 1 < s < p, such 
that g = v s or g = v s a. Whence, g E< v > or g E< v > a, i.e., 

G v ^ < v > x < a > . t| 

Lemma 3.1.2 Let T be a connected graph. If G A AutT, and \/v E V(T),G v ■< < 
v > x < a >, then the action of G on X a p is fixed- free. 

Proof Choose a quadricell x E X a p. We prove that G x = { 1 g}- In fact, if 
g E G x , then x 9 = x. Particularly, the incident vertex u is stable under the action 
of g, i.e., u 9 = u. assume 

a (*C 2/i 7 * * * 7 V p(u)— i) (otx , ci|/p(«)— 1 7 7 ^yy \ ) , 

then since G u ^<u>x<a>, we get that 

x 9 = x, yf = 2/1, • • • , j/J (u) _! = j/p(«)-i 



and 
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(cxx) cxx , i^cxy \ ) oty\^ , p(u)—i) p{u)—ii 

that is, for any quadricell e„ incident with the vertex u , ejj = e u . According to the 
definition of the induced action Autr on X at p, we know that 

Ox) 9 = fix, (pyi) 9 = (3y i, • • • , (f3y p(u) - f) 9 = (3y p{u )-i 

and 

(a(3x) 9 = a(3x , (a/fyi) 9 = a/fyi, • • • , (a(5y p<yU) ^i) 9 = a(3y p{u) _ x . 

Whence, for any quadricell y G A Qi/ j, assume the incident vertex of y is w, then by 
the connectivity of the graph T, we know that there is a path P(u, w ) = uv\v 2 ■ ■ ■ v s w 
in T connecting the vertex u andw. Not loss of generality, we assume that /3yk is 
incident with the vertex v\. Since (/3yk) 9 = /3yk and G Vl P < v± > x < a >, we 
know that for any quadricell e vi incident with the vertex iq, e® = e vi . 

Similarly, if a quadricell e Vi incident with the vertex n* is stable under the action 
of g, i.e., ( e Vi ) 9 = e Vi , then we can prove that any quadricell e Vi+1 incident with the 
vertex v l+ \ is stable under the action of g. This process can be well done until we 
arrive the vertex w. Therefore, we can get that any quadricell e w incident with the 
vertex w is stable under the action of g. Particularly, we have that y 9 = y. 

Therefore, we get that g = 1 q- Whence, G x = {1g}- t| 

Now we prove a necessary and sufficient condition for a subgroup of a graph 
being an automorphism group of a map underlying this graph. 

Theorem 3.1.1 Let T be a connected graph. If G ■< Autr, then G is an auto- 
morphism group of a map underlying the graph T iff for \/v e 1/(T), the stabler 
G v ■< < v > x < a >. 

Proof According to the Lemma 3.1.1(A), the condition of the Theorem 3.1.1 is 
necessary. Now we prove its sufficiency. 

By the Lemma 3.1.2, we know that the action of G on X a g is fixed-free, i.e., 
forVT G X a ^. | G x | = 1. Whence, the length of orbit of x under the action G is 
\x c \ = |Gb||a; G, | = |Cr|, i.e., for \/x G X a g, the length of x under the action of G is 
|G|. 

Assume that there are s orbits O i, 0 2 , ■ ■ ■ , O s of G action on V (T), where, 0\ = 

{mi, u 2 , ■ ■ ■ , Mfc}, 0-2 = {tq, v 2 , • • • , Vi},- ■ -,O s = {wi, w 2 ,x* ■ , w t }. We construct the 
conjugatcy permutation pair for every vertex in the graph T such that they product 
V is stable under the action of G. 

Notice that for Vu G V(T), since |G| = |G u ||n f '|, we know that [k, /,•••, t\ |G|. 

In the first, we determine the conjugate permutation pairs for each vertex in the 

m— 1 

orbit O i- Choose any vertex U\ G O i, assume that the stabler G U1 is {lg, gi, g 2 gi, • • • , II 

2—1 

where, m = \G U1 \ and the quadricells incident with vertex U\ is N{ui) in the graph 
T . We arrange the elements in N{ui) as follows. 
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Choose a quadricell u° x G N{uf). We use G U1 action on u\ and cm“ , respec- 

m— 1 

tively. Then we get the quadricell set + = {u“, <71 (m“), • • • , II 9m-i ( u “)} and 

i= 1 

m— 1 

a+ = {cra“, • • • , a 11 gm-i(u “)}• By the definition of the action of an 

i = 1 

automorphism of a graph on its quadricells we know that A\ f]aA\ = 0 . Arrange 

y m— 1 

the elements in A] as A± = w“, gi(uf), • • • , II g m -i(ui)- 

i= 1 

If N(ui) \ AiUaAi = 0 , then the arrangement of elements in N(u\) is A\. 
If N(ui) \ A 1 \JaAi ^ 0 , choose a quadricell u\ G N(uf) \ + U«+- Similarly, 

m — 1 

using the group G U1 acts on u\, we get that A 2 = \u\, g\{u\), • • • , n g m -i{u\)} and 

2=1 

r , , m-1 

aA 2 = {««!, «fi , i(ui) , • • • , a II (y'm-il'Ui)}- Arrange the elements in + U A 2 as 

2—1 

m—1 m—1 

Al U A-2 — Ui, 9l{ u l)i * * * i 9m-i( u 1)5 u li $ f l(^l)> * * * 1 9m-i{u l)- 

2— 1 2=1 

If N(uf) \ (A 1 U A 2 U aA 1 U aA 2 ) = 0 , then the arrangement of elements in 
A\ U A 2 is + (JA 2 . Otherwise, iV+i) \ (+ U A 2 U 01A1 U aA 2 ) ^ 0 . We can 

choose another quadricell u\ G N[ui) \ (+U + U oo 4 1 lJao 4 2 ). Generally, If we 
have gotten the quadricell sets Ai, A 2 , ■ ■ ■ , A r , 1 < r < 2k, and the arrangement of 

element in them is Ai if iV+i) \ + U + U---U + Ua+Ua+U 

• • • U otA r ) ^ 0 , then we can choose an element uf G 1 V(wi)\(Ai U A 2 U • • • U A r U olA\ 
U aA 2 U • • • U olA t ) and define the quadricell set 

m—1 

^r+l = { u h 9l{ u l)’> * * * ? 0 ! 9m— 2(^1)} 

2=1 

m—1 

aA r+ i = {auf agi{uf), ■ ■ • , a g m -i(uf)} 

2=1 

and the arrangement of elements in A r+1 is 

m—1 

A-r + 1 = ^17 9l{ u l)i * * * > n SVn— 2(^1) • 

2=1 

r+1 

Define the arrangement of elements in [J + to be 

3 = 1 

— ; — > > 

r+1 r 

U + = U A] A r + 1- 

3=1 i= 1 



Whence, 
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k k 

Jvw = (lM)U(«lM) 

1-1 i-i 

and Ak is obtained by the action of the stabler G U1 on u\. At the same time, the 

fc — . k . 

arrangement of elements in the subset U Aj of N(ui) to be [J A r 

i =1 j = i 

Define the conjugatcy permutation pair of the vertex u\ to be 

Q U1 = (C)(aC~ 1 a), 

where 



m— 1 



m— 1 



m — 1 



C = K, ut; 9,K), 9i(4 ), ■ ■ • , SlK), , n («?). II II K))- 



2=1 



2=1 



2=1 



For any vertex Ui G Oi, 1 < i < k, assume that h(u\) = Ui, where h e G , then 
we define the conjugatcy permutation pair g Ui of the vertex u t to be 



6th = Q h Ul = {C h ){aC~ l a- 1 ). 

Since 0\ is an orbit of the action G on V(r), then we have that 

k k 

oi ^) G = it 6ui~ 

2=1 2=1 

Similarly, we can define the conjugatcy permutation pairs g Vl , Q V2 , • • • , Qv n • • • , p Wl , 
g w 2 , • • • , g Wt of vertices in the orbits 0 2 , • • • , O s . We also have that 

(ii 

2=1 2=1 



t t 

(H Qwi ) = n Qwi ■ 

2=1 2=1 

Now define the permutation 

k l t 

'P = (H gm ) x (H Qvi) x ■ ■ ■ x (JJ g Wi ). 

2=1 2=1 2=1 

Then since Oi, O 2 , • ■ ■ ,O s are the orbits of V(r) under the action of G, we get 
that 
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v G = (U^) G x(U^fx---x(U9 Wi f 

i = 1 i=l i = 1 

k l t 

— (II * (II 6 v i) X ••• X (J[[ Qwi) — 'P- 

i = 1 i = 1 i = 1 

Whence, if we define the map M = (X a ,fh P)then G is an automorphism of the 
map M. t| 

For the orientation-preserving automorphism, we have the following result. 

Theorem 3.1.2 Let T be a connected graph. If G ■< AutT, then G is an orientation- 
preserving automorphism group of a map underlying the graph T iff for Mv G V(r) A 
the stabler G v ■< < v > is a cyclic group. 

Proof According to the Lemma 3.1.1(i)we know the necessary. Notice the ap- 
proach of construction the conjugatcy permutation pair in the proof of the Theorem 

3.1.1. We know that G is also an orientation-preserving automorphism group of the 

map M. t] 

According to the Theorem 3.1.2, we can prove the Theorem 2.4.3 now. 

The Proof of the Theorem 2.4.3 

Since every subgroup of a cyclic group is also a cyclic group, we know that any 
cyclic orientation-preserving automorphism group of the graph T is an orientation- 
preserving automorphism group of a map underlying the graph T by the Theorem 

3.1.2. Whence, we get that 

Omax (M,g) < Omax (G,g). t| 

Corollary 3.1.1 For any positive integer n, there exists a vertex transitive map 
M underlying a circultant such that Z n is an orientation-preserving automorphism 
group of the map M . 

Remark 3.1.1 Gardiner et al proved in [20] that if add an additional condition , 
i.e, G is transitive on the vertices in T, then there is a regular map underlying the 
graph T. 



§2. The automorphisms of a complete graph on surfaces 



A map is called a complete map if its underlying graph is a complete graph. 
For a connected graph T, the notations £°(r), 5 JV (r) and £ L {T) denote the embed- 
dings of T on the orientablc surfaces, non-orientable surfaces and locally surfaces, 
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respectively. For Ve = (u,v) G i?(r), its quadricell Ke = {e,ae, /3e,af3e} can be 
represented by Ke = {u v+ ,u v ~ ,v u+ ,v u ~}. 

Let K n be a complete graph of order n. Label its vertices by integers 1,2, ...,n. 
Then its edge set is {ij |1 <i,j < n, i ^ j ij = ji}, and 

XaA K n) = {V + : 1 <i,j <n,i j} : 1 < i,j < n, i ± j}, 

a = (P + ,P~), 

1 <i,j<n,i^j 

f3= J| 

l<i,j<n,i=£j 

We determine all the automorphisms of complete maps of order n and give they 
concrete representation in this section. 

First, we need some useful lemmas for an automorphism of a map induced by an 
automorphism of its underlying graph. 

Lemma 3.2.1 Let Y be a connected graph and g e AutT. If there is a map M e 
£ l (T) such that the induced action g* G AutM, then for\/(u,v ), (x,y) G E(T), 

[l 9 (u), l 9 (v)] = [l 9 (x) , l 9 (y)\ = constant, 

where, l 9 (w) denotes the length of the cycle containing the vertex w in the cycle 
decomposition of g. 

Proof According to the Lemma 2.2.1, we know that the length of a quadricell 
u v+ or u v ~ under the action g* is [ l 9 {u ), l 9 (v)]. Since g* is an automorphism of map, 
therefore, g* is semi-regular. Whence, we get that 

[l 9 (u) , l 9 (v)] = \l 9 (x), l 9 (y)\ = constant. tj 

Now we consider conditions for an induced automorphism of a map by an auto- 
morphism of graph to be an orientation-reversing automorphism of a map. 

Lemma 3.2.2 If fa is an automorphism of a map, then fa = af. 

Proof Since fa is an automorphism of a map, we know that 

(£<*)« = a(fa). 

That is, fa = af. t| 

Lemma 3.2.3 If f is an automorphism of map M = {X a ^,V), then fa is semi- 
regular on with order o(f) if o(f) = 0(mod2 ) and 2 o(£) if o(f) = l(mod2). 

Proof Since f is an automorphism of map by the Lemma 3.2.2, we know that the 
cycle decomposition of f can be represented by 
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f = n( x i> x 2, • • * , x k ){ax i, aa: 2 , • • • , a^), 

k 

where, life denotes the product of disjoint cycles with length k = o(£). 
Therefore, if k = 0(mod2), we get that 



£a = ax 2 , x 3 , • • • , cuc fc ) 

k 

and if k = l(mod2), we get that 



= II^i , ar 2 , x k , ax i, x 2 , ax 3 , • • • , cur fc ). 

2k 

Whence, £ is semi-regular acting on tj 

Now we can prove the following result for orientation-reversing automorphisms 
of a map. 

Lemma 3.2.4 For a connected graph T, let /C 6e all automorphisms in AutY whose 
extending action on X = E(Y), are automorphisms of maps underlying the 

graph Y. Then forWf G /C, o(£*) > 2, £*a e K, if and only if o(f*) = 0(mod2). 

Proof Notice that by the Lemma 3.2.3, if £* is an automorphism of map with 
underlying graph T, then is semi-regular acting on X a ,p- 

Assume £* is an automorphism of map M = V). Without loss of generality, 

we assume that 



V — CiC 2 ■ ■ ■ c k , 

where, C',; = (xn,Xi 2 , ■ • 'r x iji) is a cycle in the decomposition of £|vyr) and x lt = 
{(e* 1 , e* 2 , • • • , e lti )(ae l1 , ae lti , • • • , ae* 2 )} and. 



£\e( r) — (en, e i2 , • • • , e Sl )(e 2 i, e 22 , • • • , e 2s2 ) • • • (en, e; 2 , • • • , ei Sl ). 

and 

C = C(aC~ l a), 

where, C = (e n ,ei 2 , • • • , e si )(e 2 i, e 22 , • • • ,e 2s2 ) • • • (e u ,e* 2 , • • • ,e is J. Now since is 
an automorphism of map, we get that si = s 2 = • • • = si = o(£*) = s. 

If o(C) = 0(mod2 ), define a map M* = (X a ^,V*), where, 

V* = c*a* 

where, C* = (x* a , x* 2 , ■ ■ ■ , x*^.), x* t = {(eji, e* 2 , •••, e* ti )(ae* n , ae* t e* 2 )} and 
e*j = e pq . Take ef = e pq if q = l(mod2) and e*- = ae pq if q = 0(mod2). Then 
we get that M^ a = M. 

Now if o(C) = l(mod2), by the Lemma 3.2.3, o(£*a) = 2o(£*). Therefore, any 
chosen quadricells (e* 1 , e* 2 , • • • , e lti ) adjacent to the vertex Xu for i = 1,2 , 
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where, n = Lj , the resultant map M is unstable under the action of £<x Whence, 
£a is not an automorphism of one map with underlying graph T. t| 

Now we determine all automorphisms of a complete map underlying a graph K n 
by applying the previous results. Recall that the automorphism group of the graph 
K n is just the symmetry group of degree n, that is, AutK„ = S n . 

Theorem 3.2.1 All orientation-preserving automorphisms of non-orientable com- 
plete maps of order> 4 are extended actions of elements in 



and all orientation-reversing automorphisms of non-orientable complete maps of 
order> 4 are extended actions of elements in 

a£ [(2s)TSy a ^[(2 S )A]’ ^I 1 ’ 1 - 2 ]’ 

where, £g denotes the conjugatcy class containing element 9 in the symmetry group 



Proof First, we prove that the induced permutation on a complete map of order 

n by an element f € S n is an cyclic order-preserving automorphism of non-orientable 
map, if, and only if, 



£6 5 



\\£ n—1 

[l,s— ] 



Assume the cycle index of f is [l fcl , 2 fez , ..., n kn ]. If there exist two integers h*, kj ^ 
0, and i , j > 2, i ^ j, then in the cycle decomposition of f , there are two cycles 



Oi,w 2 , •-,«*) and (ui ,v 2 ,...,Vj). 

Since 

[Hui), f(u 2 )} = i and [/ ? (ui), f(v 2 )] = j 

and i ^ j, we know that f* is not an automorphism of embedding by the Lemma 
2.5. Whence, the cycle index of f must be the form of [l fc ,<s ; ]. 

Now if k > 2, let (w), (v) be two cycles of length 1 in the cycle decomposition of 
f. By the Lemma 2.5, we know that 

[f(u),f(v)} = 1 . 

If there is a cycle (w , ...) in the cycle decomposition of f whose length greater or 
equal to two, we get that 



[f(u),l^(w)} = [1 = f(w). 



According to the Lemma 3.2.1, we get that f(w) = 1, a contradiction. Therefore, 
the cycle index of f must be the forms of [s z ] or [1, s 1 ]. Whence , si — n or si + 1 — n. 
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Calculation shows that l — - or l — - — 1. That is, the cycle index of £ is one of the 
following three types [l n ], [1, ] and [s«] for some integer s . 

Now we only need to prove that for each element £ in £ n-i and £, a, , there 

J r s [i )S — ] [s*] ’ 

exists an non-orientablc complete map M of order n with the induced permutation 
£* being its cyclic order-preserving automorphism of surface. The discussion are 
divided into two cases. 

Case 1 £ e £, m 

Assume the cycle decomposition of £ being £ = (a, b, ■ ■ ■ , c) ■ ■ ■ (x, y, ■ ■ ■ , z) ■ ■ ■ (u, v, 

■ ■ ■ , w), where, the length of each cycle is k, and 1 < a, b, ■■■ ,c,x,y, ■■■, z,u,v, ■■■ ,w < 
n . In this case, we can construct a non-orientable complete map M j = {X^g,Vi) 
as follows. 



Xa, fj = {V + : 1 <i,j < n, i(j} |J{i J : 1 <i,j<n,i^j}, 
Vi= (C(x))(aC(x)~ 1 a), 

x£{a,b,---,c,---,x,y,---,z,u,v,---,w} 

where, 



C{ 



— ( rn a + 



X) = [X 



x * _ u+ b+ y+ v+ c+ _ _ 2+ 

, <X/ , , <X/ , <A/ , « Xy ^ ^ ^ , <A/ . ^ <X/ , 



i £ 






where a: 11 * denotes an empty position and 



aC(x) l a = (x a ,x w ,---,x z ,---,x c ,x v ,---,x b ,x u ,---,x y ,•••). 

It is clear that Ml = Mi. Therefore, £* is an cyclic order-preserving automor- 
phism of the map M\ . 

Case 2 £ e £ ^ 

[M s 1 

We assume the cycle decomposition of £ being 

£ = (a,b,...,c)...(x,y,...,z)...(u,v,...,w)(t), 

where, the length of each cycle is k beside the final cycle, and 1 < a,b...c,x,y..., z, 
u, v, ..., w, t < n . In this case, we construct a non-orientable complete map M 2 = 
V 2 ) as follows. 

Xls = {i J+ : 1 < i,j < n, i ± 3} : 1 < i, j < n, i ± j}, 

n 

x^{a,b,...,c,...,x,y,...z,u,v,...,w} 



V 2 = (A)(aA- 1 ) 



(C(x))(aC(x) 1 a), 
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where, 



and 



and 



A / j- a ~h j.u-\- y.6+ j.y-\- _lc-\- 

, ...t ,6 I ---’) 1 j 1 i "") 1 ) 



oiA-'a = (t a -,t w ~, ...t z ~,t c ~, t v ~, .., t y ~, .., t b ~ , t u ~, .., t x ~) 



n(, T \ — (, r a + ™ x * „u+ b+ y+ v+ c+ z+ r w+ \ 

W l <X/ J V <X/ , • • • ^ <X/ , * * * 7 5 «-c/ , ' ' ' ) t ^- / 5 * * * ? t ^- / 5 * ’ ’ 5 ** / ? * * * ? 5 * * * ? **-' / 



and 



«C(s 



,-i. 



a = x 



, x 



, X 



, X 



I x 



I x 



y— 



b— 



, X 



i a; 



It is also clear that M| = M 2 . Therefore, £* is an automorphism of a map M 2 . 
Now we consider the case of orientation-reversing automorphism of a complete 
map. According to the Lemma 3.2.4, we know that an element £a, where, £ G S'n, 
is an orientation-reversing automorphism of a complete map, only if, 



(T (5E Cs n — n ^ . 

[fcTT,(2fc)T^] 

Our discussion is divided into two parts. 

Case 3 ri\ = n 

Without loss of generality, we can assume the cycle decomposition of £ has the 
following form in this case. 



£ = (1, 2, • • • , k)(k + 1, k + 2, • • • , 2k) ■ ■ ■ (n — k + 1, n — k + 2, • • • , n). 

Subcase 3.1 k = 1 (mod2) and k > 1 

According to the Lemma 3.2.4, we know that £*a is not an automorphism of 
map since o(£*) — k = l(mod2). 

Subcase 3.2 k = 0(mod2) 

Construct a non-orientable map M 3 = V :i ), where A^ 3 = E(K n ) and 

= IT (C(j))(aC(<)-‘a), 

*e{i, 2, ■■■,«,} 



where, if i = l(mod2), then 
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C(j\ — (V+ ,' fc + 1 + . . . -n—k+\+ - 2 + . . -n-k+ 2 + ... -i* ... -k+ - 2 k+ . . . -n+\ 

^ \ l ) y 1, i L i i 1 t 6 i i 0 j > 6 > i 6 i 6 ? i L ) i 

aC(i)~ l ot. = • • • , i 2fc “, • • • , i fc+1 “) 

and if i = 0(mod2), then 



_ / 7 ‘1- 7 ‘fc+l- . . . *n— fc+l — -2- # # # *n-fc+2- # _ A* _ # 7 *&- :2k- # # # -n-\ 

1 0 5 5 6 1 L 1 5 L 1 1 L 1 1 L J L 1 1 L Jl 



aC(i) _1 a = (i 1+ , i n+ , • • • , i 2fc+ , i fc+ , • • • , i fc+1+ ). 

Where, i l * denotes the empty position, for example, (2 1 , 2 2 *, 2 3 , 2 4 , 2 5 ) = (2 1 , 2 3 , 2 4 , 2 5 ). 
It is clear that Pf Q = Vs, that is, £a is an automorphism of map M 3 . 

Case 4 n \ ^ n 

Without loss of generality, we can assume that 



£ = (1, 2, • • - f k)(k + 1, k + 2, • • • ,7ii) • • • (ni — k + l,ni — k + 2, • • • ,ni) 

x (ni + 1, ni + 2, • • • , ni + 2k)(ni + 2k + 1, • • • , n\ + 4/c) • • • (n — 2k + 1, • • • ,,n) 

Subcase 4.1 k = 9(mod2 ) 

Consider the orbits of 1 2+ and rp + 2k + 1 1+ under the action of < >, we get 

that 

|or6((l 2+ ) < ^ a> )| = k 

and 

\orb(((ni + 2k + l) 1+ )<^ a> )| = 2/c. 

Contradicts to the Lemma 3.2.1. 

Subcase 4.2 k = 1 (rnod2) 

In this case, if k ^ 1, then k > 3. Similar to the discussion of the Subcase 3.1, 
we know that is not an automorphism of complete map. Whence, k — 1 and 

£ E £[1™1,2"2]- 

Without loss of generality, assume that 



£ = (1)(2) • • • (ni)(ni + 1, n i + 2)(rai + 3, n x + 4) • • • (ni + n 2 - 1, ni + n 2 ). 
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If n 2 > 2, and there exists a map M = (X aj p,V), assume the vertex v\ in M 
being 



V! = (l Zl2+ , l Zl3+ , • • • , l Zl " + )(l il2 ", l hn ~ , • • • , l* 13 ") 

where, In G {+2, —2, +3, —3, • • • , +n, —n} and In ^ l\ 3 if i ^ j. 

Then we get that 

(ui)* a = (1* 12 A l il3 “, • • • , i , in-)(iiia+ > 1 h«+ > . . . ? !*i3+) ^ Vl _ 

Whence, is not an automorphism of map M. A contradiction. 

Therefore, n 2 = 1. Similarly, we can also get that n \ = 2. Whence, $, = 
(1)(2)(34) and n = 4. We construct a stable non-orientable map M 4 under the 
action of as follows. 



M 4 = «„,T >4). 

where, 




(1 2+ , 1 3+ , 1 4+ )(2 1+ , 2 3+ , 2 4+ )(3 1+ , 3 2+ , 3 4+ )(4 1+ , 4 2+ , 4 3+ ) 
(I 2 ", l 4 ", 1 3_ )(2 1 “, 2 4- , 2 3_ )(3 1 ~, 3 4 ", 3 2_ )(4 1_ , 4 3- , 4 2- ). 



Therefore, all orientation-preserving automorphisms of non-orientable complete 
maps are extended actions of elements in 



and all orientation-reversing automorphisms of non-orientable complete maps are 
extended actions of elements in 



a£ [(2 :,)*]’ a£ [(2s)M a£ M 

This completes the proof. t] 

According to the Rotation Embedding Scheme for orientable embedding of a 
graph, First presented by Heffter in 1891 and formalized by Edmonds in [17], each 
orientable complete map is just the case of eliminating the sign + and - in our 
representation for complete map. Whence, we have the following result for an auto- 
morphism of orientable surfaces, which is similar to the Theorem 3.2.1. 

Theorem 3.2.2 All orientation-preserving automorphisms of orientable complete 
maps of order> 4 are extended actions of elements in 




Chapter 3 On the Automorphisms of a Graph on Surfaces 



61 



and all orientation-reversing automorphisms of orientable complete maps of order> 
4 are extended actions of elements in 

a ^[(2 s)*]’ a ^l(2s)^]’ 

where , £q denotes the conjugatcy class containing 6 in S n . 

Proof The proof is similar to that of the Theorem 3.2.1. For completion, we only 
need to construct orientable maps Mf,i = 1,2, 3, 4, to replace the non-orientable 
maps Mi, i = 1, 2, 3, 4 in the proof of the Theorem 3.2.1. 

In fact, for orientation-preserving case, we only need to take Mf , Mf to be the 
resultant maps eliminating the sign + and - in M\, M 2 constructed in the proof of 
the Theorem 3.2.1. 

For the orientation-reversing case, we take Mf = (E(K n ) a ^,Vf) with 

= n (cio). 

where, if % = l(mod2), then 



■n—k+l -2 

, 0 , b 1 



■n-k+2 
j L 1 



jk j2 k 
,0,0 , 



C(i) = (i\ i k+ \ • • • , * n "* +i , if---, i n ~ K+ f r, • • • , r, i-\ 

and if i = 0(mod2), then 



C '(0 = (< 1 ,** +1 , 



■n—k+l ■ 2 



■n—k+2 



,i 1 *. 






where i l * denotes the empty position and M° = (E^KAja^jVf) with 

Vi = (l 2 , l 3 , 1 4 )(2 1 , 2 3 , 2 4 )(3 1 , 3 4 , 3 2 )(4 1 , 4 2 , 4 3 ). 

It can be shown that (MfY* a = Mf for i — 1,2,3 and 4. t] 



§3. The automorphisms of a semi-regular graph on surfaces 



A graph is called a semi-regular graph if it is simple and its automorphism group 
action on its ordered pair of adjacent vertices is fixed-free, which is considered in 
[43], [50] for enumeration its non-equivalent embeddings on surfaces. A map under- 
lying a semi-regular graph is called a semi-regular map. We determine all automor- 
phisms of maps underlying a semi-regular graph in this section. 

Comparing with the Theorem 3.1.2, we get a necessary and sufficient condition 
for an automorphism of a graph being that of a map. 

Theorem 3.3.1 For a connected graph T, an automorphism f G AutT is an orientation- 
preserving automorphism of a non-orientable map underlying the graph Y iff f is 
semi-regular acting on its ordered pairs of adjacent vertices. 
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Proof According to the Lemma 2.2.1, if £ e Autr is an orientation-preserving 
automorphism of a map M underlying graph T, then £ is semi-regular acting on its 
ordered pairs of adjacent vertices. 

Now assume that £ G Autr is semi-regular acting on its ordered pairs of adjacent 
vertices. Denote by £|y(r), £|s(r) /3 the action of £ on V(r) and on its ordered pairs 
of adjacent vertices, respectively. By the given condition, we can assume that 

£|v(r) = (a, 6, ■ ■ , c) ■■■ (g, h, ■ ■ • , k) ■■■ (x, y, ■■■, z) 

and 









where, s 0 |C(a)| = ••• = s g \C(g)\ = ■■■ = s x |C(a;)|, and C(g) denotes the cycle 
containing g in £|y(r) and 



Ci = (a 1 , b 1 , • • • , c 1 , a 2 , b 2 , ■ ■ ■ , c 2 , • • • , a s “, b s 



C, =(g\ .. 



( /y»l 7 1 1 ... * 0 - ... /y»2 7/2 ... <^2 ... rp$X 7 i&X ... 

w m y-° ■> y ■> '>*'•> i ^ i y i ^ ^ ^ /• 

Now for V£,£ e Autr. We construct a stable map M = (X at p,V) under the 
action of £ as follows. 



X = E(T) 

and 

IT n (cjtac; 1 ). 

g€T, v " *eC( 9 ) 

Assume that u = £^(g), and 

Obviously, all degrees of vertices in C(g) are same. Notices that £|v r ( 3 ) is circular 
acting on N-p(g) by the Theorem 3.1.2. Whence, it is semi-regular acting on N-p(g). 
Without loss of generality, we can assume that 



fl jvroo = {g z \g Z2 , ■ ■ -,g Zs )(g Zs+1 ,g Zs+2 , ■ ■ -,g Z2s ) ■ ■ ■ ( g z w+\ g z w+*, ■ ■ -,g Zks ), 

where, l = ks. Choose 



C g = ( g zi+ , g Za+1+ , • • • , <f (fc - 1)s+1+ , g Z2+ , g Za+2+ , • • • , g Za+ , g Z2a , • • • , g Zka+ ). 
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Then, 



a 



= ('X Zl ^~ 'r Zs + ! + 



X 



I x 



z (fc-l)s+l + <£ Z 2 + x Zs + 2 + 



X 



, X 



X 



22 s 



I x 



z ks 



where, 



X 2 l+ = £/(^ + ), 

for i — 1, 2, • • • , A; .s. and 

aC” 1 = (ar Zl+ , aad s+1+ , • • • , aa; 2:(,i: " 1)s+1 + , «a: Zs+ , arr* 2 ", • • • , ax Zka+ ). 

Immediately, we get that = £M£ _1 = M by this construction. Whence, £ is 
an orientation-preserving automorphism of the map M. t] 

By the Rotation Embedding Scheme, eliminating a on each quadricell in Tutte’s 
representation of an embedding induces an orientable embedding with the same 
underlying graph. Since an automorphism of an embedding is commutative with a 
and f3, we get the following result for the orientable-preserving automorphisms of 
the orientable maps underlying a semi-regular graph. 

Theorem 3.3.2 IfT is a connected semi-regular graph, then for V£ G AutT, £ is an 
orientation-preserving automorphism of orientable maps underlying the graph T. 

According to the Theorem 3.3.1 and 3.3.2, if T is semi-regular, i.e., each auto- 
morphism acting on the ordered pairs of adjacent vertices in T is fixed-free, then 
every automorphism of the graph T is an orientation-preserving automorphism of 
orientable maps and non-orientable maps underlying the graph T. We restated this 
result as the following. 

Theorem 3.3.3 If Y is a connected semi-regular graph, then for V£ G AutT, £ 
is an orientation-preserving automorphism of orientable maps and non-orientable 
maps underlying the graph T. 

Notice that if <;* is an orientation-reversing automorphisms of a map, then c fa 
is an orientation-preserving automorphism of the same map. By the Lemma 3.2.4, 
if t is an automorphism of maps underlying a graph T, then ra is an automorphism 
of maps underlying this graph if and only if r = 0(mod2). Whence, we have the 
following result for the automorphisms of maps underlying a semi-regular graph 

Theorem 3.3.4 Let T be a semi-regular graph. Then all the automorphisms of 
orientable maps underlying the graph T are 

g\ Xai13 and ah\ Xa ^,g, h G AutT with h = 0(mod2). 
and all the automorphisms of non-orientable maps underlying the graph T are also 
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g\ Xa ’ 0 and ah\ Xa ’ 0 ,g, h G AutT with h = 0(mod2). 

Theorem 3.3.4 will be used in the Chapter 4 for the enumeration of unrooted 
maps on surfaces underlying a semi-regular graph. 



§4. The automorphisms of one face maps 



There is a well-know result for the automorphisms of a map and its dual in 
topological graph theory, i.e. , the automorphism group of a map is same as its dual. 
Therefore, for determining the automorphisms of one face maps, we can determine 
them by the automorphisms of a bouquet B n on surfaces. 

A map underlying a graph B n ,n > 1 has the form B n = (X a ,p, V n ) with A" = 
E(B n ) = {ei, e 2 , • • • , e n } and 



Bn (^1 , %2 1 ' ' ' i %2n) (otX 1 , OtX2m " j *^ 2 ) 

where, Xi G X, f3X or a/3 X and satisfying the condition ( Ci ) and ( Cii ) in the Section 
2.2 of Chapter 1. For a given bouquet B n with n edges, its semi-arc automorphism 
group is 



AutiBn = S'nfsy. 

Form group theory, we know that each element in S n [S 2 ] can be represented by 
(g; h\, /i 2 , • • • , h n ) with g G S n and A G S 2 = {1, a(3} for i = 1, 2, • • • , n. The action 
of ( g ; hi, Ji 2 , ■ ■ ■ , h n ) on a map B n underlying a graph B n by the following rule: 

if x G {ei,aei,(3ei,a(3ei}, then ( g ; hi, h 2 , ■ ■ ■ , h n )( x) = g(hi{x)). 

For example, if h\ = a(3, then, (g-, hi, /i 2 , • • • , h n )(e 1) = a(3g(e 1), (g; hi, /i 2 , • • • , h n )(ae 1) 
= (3g(e 1), ( g ; hi, h 2 , ■ ■ ■ , h n )(/3e 1) = ap(ei) and (g; hi, h 2 , • • • , h n ){a(3e 1) = p(ei). 

The following result for automorphisms of a map underlying a graph B n is obvi- 
ous. 

Lemma 3.4.1 Let (g; hi, h 2 , ■ ■ ■ , h n ) be an automorphism of a map B n underlying a 
graph B n . Then 



(g; h u h 2 , • • • , K) = (xi,x 2 , ..., x 2n ) k , 
and if (< 7 ; /?i, /i 2 , • • • , /i n )a is an automorphism of a map B n , then 

(. g ; ^ 1 , / 12 , • • • , h n )a = (xi, x 2 ,---, x 2n ) k 

for some integer k, 1 < k < n. Where, x t G {ei, e 2 , • • • , e n }, i = 1,2, ■ ■ ■ ,2n and 
Xi Xj if i j. 
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Analyzing the structure of elements in the group S n [tft] , we get the automor- 
phisms of maps underlying a graph B n by the Theorem 3.3.1 and 3.3.2 as follows. 

Theorem 3.4.1 Let B n be a bouquet with n edges 1,2 ,---,n. Then the automor- 
phisms ( g ; hi, h 2 , • • • , h n ) of orientable maps underlying a B n , n > 1, are respective 

(01) ge£ [k f y hi = l,t = l,2, — ,n; 

n/k 

(02) g G £ [k % ] and if g = Id (ft, ft, • • • ft), where ft G {1, 2, • • • , n}, n/k = 

0(mod2), then h tl = (1, a/3),i = 1, 2, • • • , | and h tj = 1 for j > 2; 

2s (n—2ks)/2k 

(03) g G £ 1 9 n(ft,ft;'''ft) Id ( e jl) 

[K ,(^K) ] i = 1 j = 1 

where ij,ej t G {1,2, •••, n}, then h^ = (l,aft), i = 1, 2, • • • , s, h^ = 1 for l > 

2 and hj t = 1 for t = 1, 2, • • • , 2 k 

and the automorphisms ( g ; hi, h 2 , ■ ■ ■ , h n ) of non- orientable maps underlying a B n , n 
> 1, are respective 

(N 1 ) g G £ [k l ]T hi = l,i = l,2,---,n; 

n/k 

(N 2) # G and if g = ft (ft, ft, • • -ft), where ft G {1, 2, • • • , n}, n/k = 

0(mod2), then h n = (1, a/3), (1, (3 ) with at least one h ioi ( 1, /3),i = 1, 2, ■ ■ ■ , | and h nj = 

1 for j > 2; 

2s {n—2ks)/2k 

( N 3) £ G £ «-». and if g = II (ft, ft wft) II (e^, e j2 , • • • , e hk ), 

[k Js ,(2k) 2 k ] i=l J=1 

where ij,ej t G {1,2, •••,n}, then h n = (1, a/3), (1, ft) with at least one h ioi = 

(1, (3), i — 1, 2, • • • , s, hi t = 1 for l > 2 and hj t = 1 for t = 1, 2, • • • , 2k, 

where, £q denotes the conjugacy class in the symmetry group S n containing the 
element 9. 

Proof By the structure of the group S n [£ 2 ] , it is clear that the elements in the 
cases (ft, (ift and (Hi) are its all semi-regular elements. We only need to construct 
an orientable or non-orientable map B n = (X a ^,V n ) underlying B n stable under the 
action of an element in each case. 

n/k 

(ft 9 — ft (ft; ft, • • • ft.) and hi — 1, i — 1, 2, • • • , n, where ft G {1, 2, • • • , n}. 

i= 1 

Choose 

n/k 

Km = U Aftft,ft,---,ft}, 

i= 1 

where K = {1, a, [3, a/3} and 

V\ = Ci(aCCa~ l ) 

with 
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Tt Tt 71 

Ci — ( li, 2i, • • • , (— )i, a(31i, a(32i, ■ ■ ■ , a(3(— )i, 1 2 , 2 2 , • • • , (— ) 2 , 

Tt Ti Tl 

a(3l 2 , ap2 2 , • • • , ai(3(-) 2 , ■ ■ • , l fc , 2 k , ■ ■ • , (-)*, a/31 k , a/31 k , • • • , af3(-) k ). 

Then the map B ] n = (Xf Vf) is an orientable map underlying the graph B n and 
stable under the action of (g; hi, h 2 , ■ ■ ■ , h n ). 

For the non-orientable case, we can chose 

Tt Tt Tt 

Ci = ( li, 2i, • • • , (— )i, (31i, (32i, ■ ■ ■ , (3(— )i, 1 2 , 2 2 , ■ ■ ■ , (— ) 2 , 

Tt Tt Tt 

P^-2% P%2, ■ ' ' , /3(^)2, • • • , lfc, 2fc, • ' ' , (^)fc, /?lfc, /?lfc, • • • , — 

Then the map B l n = (Xf ;3 , Vf) is a non-orientable map underlying the graph B n 
and stable under the action of (g; hi,h 2 ,---, h n ). 

n/k 

(a) g = n (* 1 , * 2 , • • ■ *fc), hi = (1, P) or (1, aP), i = 1, 2, • • • 7 n, f = 0(mod2), 
1=1 

where ij G {1, 2, • • • , n}. 

If h tl = (1, aP) for i — 1, 2, • • • , | and h H — 1 for t > 2. Then 

n/k 

(g; hi, h 2 ,---, h n ) = n(<i, a Ph, ■ ■ ■ Oipik, apil, i 2 , ■ • • , i fc ). 

Z=1 

Similar to the case (i), we take X/^ = XT and 

Tl = C^aC^a- 1 ) 

with 

Tt Tt 

C 2 — ( li, 2i, • • • , (— )i, api 2 , aP2 2 , ■ ■ ■ , a/3( — ) 2 , api k , otP2 k , 

Tt Tt Tt Tt 

, Q.p(y — )k, Ot-P^-h Ot.p2i, • , QlP( — )i, 1 2 , 2 2 , , (~) 2 , , lfc, 2fc, ‘ , (~j/)k)- 

Then the map 23^ = (X/g,Vl) is an orientable map underlying the graph B n and 
stable under the action of ( g ; hi, h 2 , ■ ■ ■ , h n ). For the non-orientable case, the con- 
struction is similar. It only need to replace each element aPij by Pij in the con- 
struction of the orientable case if h tj = (1 ,/3). 

2 s ( n—2ks)/2k 

(in) g = il (*i,* 2 , • • -*fc) II ( e ji, e j 2 , ' ' ' , e j 2 k) and — (1, aP), i — 1,2, • • • 

1=1 j = 1 

1 for l > 2 and hj t = 1 for t = 1, 2, • • • , 2 k 
In this case, we know that 
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s (n—2ks)/2k 

(g;hi,h 2 , - > - ,h n ) = \\(ii,a(3i 2 ,p ■ ■ a(3i k ,a(3ii,i 2 , ■ ■ ■ ,i k ) II ( e .n> e j 2 > ' ' ' > e j 2 J- 

i = 1 3 = 1 

Denote by p the number (n — 2ks)/2k. We construct an orientablc map Bf, = 
(Xa / 3 , Vf) underlying B n stable under the action of ( g ; hi, h 2 , ■ ■ ■ , h n ) as follows. 
Take X'^, g = and 



Vl = CsiaC^a- 1 ) 

with 



C 3 = ( 


ll 


,2iw 


' 1 ®1) 5 


e 2 1 ) • ' ' ) e pi 5 a ^2 1 oi[32 2 , ■ ■ ■ , a(3s 2 , 






^12 J 


e 2 2 5 


■ 5 e p2 5 ' ' ' 


, a(31 k , a(32 k , ■■■ , a(3s k , e ifc , e 2fc , • • • , 






e Pk> 


aj3li, a/32i, ■ ■ ■ 


, Oif3si, ei k+1 , c 2k+1 , ' ’ ’ , £p k+1 i ^ 2 ) 22 , • 


1 




s 2, 


e lfc+2 1 e 2 fc+2 5 ' ' ' 


’ e Pk+ 2 i ' ' ' 1 1fc) 2 ki ■ ■ ■ , s k , ei 2k , e 22k , 


' > e P2k 



Then the map B\ = (T^, Vf) is an orientable map underlying the graph B n and 
stable under the action of ( g ; hi, h 2 , ■ ■ ■ , h n ). 

Similarly, replacing each element a/3ij by (3ij in the construction of the orientable 
case if h l;i = (l,/3), a non-orientablc map underlying the graph B n and stable under 
the action of (g; hi, h 2 , ■ ■ ■ , h n ) can be also constructed. This completes the proof. 

We use the Lemma 3.4.1 for the enumeration of unrooted one face maps on 
surfaces in the next chapter. 




Chapter 4 Application to the Enumeration of Unrooted Maps 
and s-manifolds 



All the results gotten in the Chapter 3 is more useful for the enumeration of 
unrooted maps on surfaces underlying a graph. According to the theory in Chapter 
1 , the enumeration of unrooted maps on surfaces underlying a graph can be carried 
out by the following programming: 

STEP 1. Determine all automorphisms of maps underlying a graph; 

STEP 2. Calculate the the fixing set Fix(g) for each automorphism of a map; 

STEP 3. Enumerate the unrooted maps on surfaces underlying a graph by 
Corollary 1.3.1. 

The advantage of this approach is its independence of the orientability, which enables 
us to enumerate orientable or non-orientable maps on surafces. We present the 
enumeration results by this programming in this chapter. 



§1. The enumeration of unrooted complete maps on surfaces 

We first consider a permutation and its stabilizer . A permutation with the 
following form (xi, x 2 , x n )(ax n , ax 2 , axi) is called a permutation pair. The 
following result is obvious. 

Lemma 4.1.1 Let g be a permutation on the set fl = {xi, x 2 , ..., x n } such that 
ga = ag. If 

g(x \ , X2 1 • • -j X n ) (aX n , OlX n —i , . . . , CXX\)g (iCi , X2 , • • • } %n) OLX n — 1 , . . . , QLX \ ) , 

then 

g = (xi,x 2 , ...,x n ) k 

and if 

goc(x\ : X 21 ... 7 Xrf) cxx n —\ , . . . , cxxfj (ga) *^2 5 • ? x n ) (ax ni ax n —\ , . . . , ax\) , 

then 

ga = ( ax n , ax n - 1 , ..., ax\) k 
for some integer k, 1 < k < n. 
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Lemma 4.1.2 For each permutation g,g G £ « satisfying ga = ag on the set 
= {xi, X 2 , ..., x n }, the number of stable permutation pairs in 11 under the action 
of g or ga is 



2 4>(k)(n — 1)! 

I S » I ’ 

1 [kry 

where (f>(k) denotes the Euler function. 

Proof Denote the number of stable pair permutations under the action of g or 
ga by n(g) and C the set of pair permutations. Define the set A = {(g,C)\g G 
G C and C 9 = C or C 9a — C}. Clearly, for Vr/] , g 2 G we have 

n{gf) = n(g 2 ). Whence, we get that 

1^1 = |£ [fc g]Ks)- (4.i.i) 

On the other hand, by the Lemma 4.1.1, for any permutation pair C = (xi, x 2 , ..., x n ) 
(ax n ,ax n -i, ...,axi), since C is stable under the action of g, there must be g = 
(xi,x 2 , ..., x n ) 1 or ga = (ax n , ax n -±, ..., ax i) 1 , where l — s|, 1 < s < k and (s, k) = 

1. Therefore, there are 2 <p(k) permutations in acting on it stable. Whence, we 
also have 



\A\=2m\C\- 

Combining (4.1.1) with (4.1.2), we get that 

2<f>(k)\C\ 2(f>{k){n — 1)! 



(4.1.2) 



n(g) = 



I*, 



[ fcfc ] 1 



I*, 



[fc*] 



Now we can enumerate the unrooted complete maps on surfaces. 



Theorem 4.1.1 The number n L (K n ) of complete maps of order n > 5 on surfaces 
is 



n L (K n ) 



ks+ £ ) 

k\n k\n,k=0(mod2) 




^ cf)(k)2^ n,k \n — 2)\ n k 1 

^ ^ pt — 1 

k\(n—l),k^l 



where, 



and 



a(n, k ) 



n ^ k 3 ' 1 , if k = l(mod2); 
, if k = 0(mod2), 



P{n, k ) 



— ^ 2 ' 1 , if k = l(mod2); 
(ra ~ 1 ^ n ~ 3 ' 1 , if k = 0(mod2). 
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and n L (K 4 ) = 11. 

Proof According to (1.3.3) in the Corollary 1.3.1 and the Theorem 3.2.1 for n > 5, 
we know that 



n L (K n ) = 



2|AutK„ 



x( E l*(9i)l+ E l*te“)l 



9 lGf 



[k k ] 



92 e £ 



[( 2 ^) 55 ] 



E l*MI) 

ra-l 

= 4tx(EIS*]II 4 (» ! )! + T lf [ rf,ll*te«)l 

“ ’ fe|n l\n,l=0(mod2) 






where, fli G £ r 92 G and h G E n - i are three chosen elements. 

’ ^ [&*]’* [«T] [1,/cT - ] 

Without loss of generality, we assume that an element g, g G has the fol- 
lowing cycle decomposition. 



77- 77- 

g = (1, 2, ..., *)(* + !,* + 2, ..., 2 £)...((- - l)Ar + 1, (- - l)fc + 2, ..., n) 

and 



^iwu, 

where, 

JJ = ( l i21 , l* 31 , . . . , l inl ) (2* 12 , 2* 32 , . . . , 2*" 2 ) . . . (n* ln , n* 2 " , . . . , ) , 

and 

n 2 =«(nrV i . 

being a complete map which is stable under the action of g, where G {£;+, k — \k — 
1-2. ...»}• 

Notice that the quadricells adjacent to the vertex ” 1” can make 2 n_2 (n— 2) ! different 
pair permutations and for each chosen pair permutation, the pair permutations ad- 
jacent to the vertices 2, 3, ..., k are uniquely determined since V is stable under the 
action of g. 

Similarly, for each given pair permutation adjacent to the vertex k + 1, 2k + 

1 , •••, (f — 1 )k + 1, the pair permutations adjacent to k + 2, k + 3, ..., 2k and 2k + 
2,2k + 3, ...,3k and,...,and (| — l)k + 2, (^ — l)k + 3, ...n are also uniquely determined 
because V is stable under the action of g. 
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Now for an orientable embedding Mi of K n , all the induced embeddings by 
exchanging two sides of some edges and retaining the others unchanged in M\ are 
the same as M\ by the definition of maps. Whence, the number of different stable 
embeddings under the action of g gotten by exchanging x and ax in Mi for x G 
U, U C Xg, where Xg — (J {x,/3x} , is , where g{e) is the number of 

orbits of E(K n ) under the action of g and we substract ? because we can chosen 
1 2+ , k + 1 1+ , 2 k + 1 1+ , • • • , n — k + 1 1+ first in our enumeration. 

Notice that the length of each orbit under the action of g is k for Vx G E(K n ) if 
k is odd and is | for x — i l+ 2 ,i — 1, k + 1, • • • , n — k + 1, or k for all other edges if 
k is even. Therefore, we get that 



9{e) 



if k = l(mod2)\ 
~ 1A ’^ if k = 0(mod2). 



Whence, we have that 

77 / 

a(n,k) = g(e) - - 



n( " n 2k 3 ' > , if k= l{mod2); 
, if k = 0(mod2), 



and 



| $(( 7 ) | = 2 a ( n ’ k \n — 2 )!^, 

Similarly, if k = 0(mod2), we get also that 



(4.1.3) 






(4.1.4) 



for an chosen element g,g G 

Now for \/h E £ n - 1 , without loss of generality, we assume that h = (1, 2, ..., h) 

[l,fc k ] 



(/c + 1, /c + 2, ..., 2/c)...(( !i =d — l)fc + 1, — 1 )k + 2, ..., (n — l))(n). Then the above 

statement is also true for the complete graph K n _i with the vertices 1, 2, • • • , n — 1. 
Notice that the quadricclls n 1+ ,n 2+ , ■ ■ ■ , n n ~ 1+ can be chosen first in our enumera- 
tion and they are not belong to the graph K n _ 1 . According to the Lemma 4.1.2, we 
get that 



Where 



|$(h)| = 2^ k \n - 2)\^ x 



2cj)(k)(n — 2)! 

\£ n - 1 I 

[1 ,k k ] 



(4.1.5) 



P(n, k ) = /i(e) 



n — 1 

fc fc 

s(K n —i) n—1 

k k 



— , if k = l(mod2); 

(n ~ 1 ^"~ 3) , if A; = 0(mod2). 



Combining (4.1.3) — (4.1.5), we get that 
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n L (K n ) = 



+ 



1 

2n\ 



(EISt]ll^o)l+ E 

k\n l\n,l=0(mod2) 



E IE ,^11^)1) 

Z|(n— 1) 1 ’ 1 

1 n !2«W=)( n _2)!t „ 

X( T — sik — + £ 



n ! 2 a(n,fc)( n _ 2 )!f 



2n! 



/c|n 



fc|n,fc=0(moc£2) 






E 



n! 



Ar^W) 1 



x 



200) (n - 2)!2^ n ’ fc )(n - 2)! V 
(»-!)! 






#E+ E 

fc|n k\n,k=0(mO( 



2 a(n,fc)( n _ 2)! t 



V **(£)! 



E 



4>{k)2^ n ' k \n — 2)!’V 

n — 1 



For n = 4, similar calculation shows that n L (K 4) = 11 by consider the fixing set 
of permutations in S, i,, £ 3., £ 4 .a£, 4, and a&mi- h 

^ [sJ]’ [l,ss]’ [(2s) 2*]’ [(2s)^[ l ' ’ ‘ H 

For the orientable case, we get the number n°(K n ) of orientable complete maps 
of order n as follows. 



Theorem 4.1.2 The number n° ((K n ) of complete maps of order n >5 on orientable 
surfaces is 



n°(K n ) 



1_ v 2)!fc , v 0(fc)(n-2)lV 

2 ^ ' k%(-V ' ^ 77, l 

fc|n fe|n,fcs0(mod2) ^ ffeh fc|(re-l),fc^l 6 



and n(Kf) = 3. 

Proof According to Tutte’s algebraic representation of map, a map M = (X a ,/ 3 , P) 
is orientable if and only if for \/x G X a ,/ 3 , % and a/3x are in a same orbit of X a ^ under 
the action of the group 'F/ =< a/3,V >. Now applying (1.3.1) in the Corollary 1.3.1 
and the Theorem 3.2.1, Similar to the proof of the Theorem 4.1.1, we get the number 
n°(K n ) for n > 5 as follows 



n°(K n ) 



1 v ^{n~2)\l . v <f>(k)(n- 2)lV 

^ J kff^V ^ n 1 

k\n k\n,k=0(mod2) ^ ffcb fc|(ra-l),fc^l 



and for the complete graph Jl 4 , calculation shows that n{Kf) = 3. \\ 

Notice that n°(K n ) +n N (K n ) = n L (K n ). Therefore, we can also get the number 
n N (K n ) of unrooted complete maps of order n on non-orientable surfaces by the 
Theorem 4.1.1 and the Theorem 4.1.2 as follows. 
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Theorem 4.1.3 The number n N (K n ) of unrooted complete maps of order n, n > 5 
on non-orientable surfaces is 



»"<*.) = i(£+ E 

k\n k\n,k=0(mod2) 



mr. 



E 

k\(n—l),k^l 



<f>(k){ 2/ ? ("’ fe ) - l)(n-2)!nr 
n — 1 



and n N (K/f) = 8. Where, a(n, A;) and /3(n, /c) are same as in Theorem 4.1.1. 



FigT.l 

For n = 5, calculation shows that n L (K 5 ) = 1080 and n°(K 5 ) = 45 based on 
the Theorem 4.1.1 and 4.1.2. For n = 4, there are 3 unrooted orientable maps and 
8 non-orientable maps shown in the Fig.4.1. All the 11 maps of K 4 on surfaces are 
non- isomorphic. 
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Now consider the action of orientation-preserving automorphisms of complete 
maps, determined in the Theorem 3.2.1 on all orientablc embeddings of a complete 
graph of order n. Similar to the proof of the Theorem 4.1.2, we can get the number 
of non-equivalent embeddings of a complete graph of order n, which has been done 
in [43] and the result gotten is same as the result of Mull et al in [54] . 



§2. The enumeration of a semi-regular graph on surfaces 



The non-equivalent embeddings of a semi-regular graph on surfaces are enumer- 
ated in the reference [50]. Here, we enumerate the unrooted maps underlying a 
semi-regular graph on orientablc or non-orientablc surfaces. 

The following lemma is implied in the proof of the Theorem 4.1 in [50]. 



Lemma 4.2.1 Let T = (V, E ) be a semi-regular graph. Then for f G AutT 



and 



*°(0I 



TT / dfx) 
x£Tf °(^l Jv r(*)) 



1 )! 



i^(oi = 2 |T ‘'-'Vi n <-7#d- 

x£T v °\^\Nr(x)) 



1)!, 



where, T^ , Tfr are the representations of orbits of f acting on u(T) and E(F) , re- 
spectively and f,N r (x) the restriction of £ to N r (x). 



According to the Corollary 1.3.1, we get the following enumeration results. 



Theorem 4.2.1 Let V be a semi-regular graph. Then the numbers of unrooted maps 
on orientable and non-orientable surfaces underlying the graph T are 



and 



n°(T) 



1 

| AutT | 



( e m n (-# 1 - 

£eAutr x£ Tf °vA Ar rC)J 



1)! 



n N (T) 



1 

\AutT\ 



x Y, (2 |t * ht ^ 

ZeAutr 



mo n ( 

x£ 



d(x) 

o(£|jV r (x)) 



where A(£) = 1 if o(£) = 0(mod2 ) and otherwise. 
Proof By the Corollary 1.3.1, we know that 



1 )!, 
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n°(r) = 



2 l Allt J r l gM, 



E !*?(») I 



and 



n L (r) = 



2 l Aut i r l jeii.r 



E K(9)l- 



According to the Theorem 3.3.4, all the automorphisms of orientable maps un- 
derlying the graph T are 

g\ Xa ’ 0 and ah\ Xa,0 ,g, h e AntT with h = 0(mod2). 
and all the automorphisms of non-orientablc maps underlying the graph T are also 



g\ Xa ’ 0 and ah\ Xa ’ 0 ,g, h e AntT with h = 0(mod2). 

Whence, we get the number of unrooted orientable maps by the Lemma 4.2.1 as 
follows. 



n°( r) = 



2 l AutF l B£ Str l *° (9)l 



-« e n 



d(x) 



+ 



2 1 AntT | o(Z\ Nr{x) ) 

d(x) 



<;GAutr,o(<7)=0(mod2) xeT^ °(^ Eld)) 

I ( v tt t _ 

l Autr l 



xe 



'o(^|jv r (x)) 



- 1 )! 
- 1 )!) 
1 )!. 



Similarly, we enumerate the unrooted maps on locally orientable surface under- 
lying the graph T by (1.3.3) in the Corollary 1.3.1 as follows. 



n L (T) 



2 l Autr l geAutr 
1 

2|Autr| 



E \*1(9)\ 

.utr 

e ik 

^eAutr xeT v 



d(x) 



o(£|iVr(x)) 



-1)! 

d{x) 



2 \ T e\-\ T v\ tt 

xeT v °E Jv r(x)) 



E 

<;GAutr,o(<r)=0(mod2) 

]X77p7 E AK)2 |I f | - |I t' 1 n (AfE 

I A utr| ^ eAutr x£T v °(£|iVr(x)) 



1 )!) 

- 1 )!. 
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Notice that n°(Y) + n N (Y) = n L (Y), we get the number of unrooted maps on 
non-orientable surfaces underlying the graph T as follows. 



n N ( r) 



n L (U - 

1 

\AutY\ 



- n°(r) 

x Y, (2 |T * HT « V| 

ZeAut.r 



i)A(« n < 

xerv 



d(x) 

°(^k r (x)) 



1)! 



This completes the proof. t] 

If T is also a h-regular graph, we can get a simple result for the numbers of 
unrooted maps on orientable or non-orientable surfaces. 



Corollary 4.2.1 Let T be a k-regular semi-regular graph. Then the numbers of 
unrooted maps on orientable or non-orientable surfaces underlying the graph Y are 
respective 



and 



n°(r) 



1 

|AutT| 



X 5Z x (d)(k- 1)! |T ® V| 

gEAutr 



n N (Y) = 



-A— x V A((/)(2l 2 ?H^l^ 1)(fc _ 1)! |TV| 

|Autr| g fjf itr 



where, A(£) = 1 if o(£) = 0(mod2) and otherwise. 

Proof In the proof of the Theorem 4.2 in [50], it has been proved that 

Va;GC(r), o(6v- r(x) ) = 1. 

Whence, we get n°(Y ) and n N (Y) by the Theorem 4.2.1. t] 

Similarly, if T = Cay (Z p : S ) for a prime p, we can also get closed formulas for 
the number of unrooted maps underlying the graph T. 

Corollary 4.2.2 Let Y = Cay (Z p : S ) be connected graph of prime order p with 
{p- 1, \S\) = 2. Then 



(|g| - 1 )!p + 2p(\S\ - 1)!^ + (p - 1)(|S| - 1)! 

4 p 



n°{T,M) = 



and 



n N (Y,M ) 



(2^-p - 1)(|5| - l)! p + 2(2 p ' S '~4 P ~ 2) 

2 p 

(2^-l)(p-l)(\S\-l)\ 



l)p(\S\ - !)& 
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Proof By the proof of the Corollary 4.1 in [50], we have known that 



and 




1, if o(g) = p 

2±i, if o(g) = 2 

P, if o(g) = 1 



f y, if o(g) = p 

\Tf\ = l if o(g) — 2 

1 if o(g) = 1 



Notice that Autr = D p (see [3] [12]) and there are p elements order 2, one order 
1 and p — 1 order p. Whence, we have 



and 



n°(T,M) 



(\s\-iyp + 2 P (\s\-i)\ p -^ + (p-ms\-i)\ 

4 p 



n (T, M.) = 



(2 - l)(|g| - 1)!P + 2 ( 2 p ' S '^ 2) - l)p(|g| - 1)!^ 

2 p 

(2 1 ^-l)(p-l)(|g|-l)! j 

4p 



By the Corollary 4.2.1. t] 



§3. The enumeration of a bouquet on surfaces 



For any integer k, k\2n, let J\. be the conjugacy class in with each cycle in 

the decomposition of a permutation in Jy. being h-cycle. According to the Corollary 
1.3.1, we need to determine the numbers |<h 0 (^)| and | < h i (£)| for each automorphism 
of a map underlying a graph B n . 

2n/k 

Lemma 4.3.1 Let f = it (C{i))(aC(i)a~ l ) G Ju ■ where, C(i ) = (itiAacAifc) 

i= 1 

is a k-cycle, be a cycle decomposition. Then 
( i ) If k 7 ^ 2 n, then 



l«°K)l = Wf- 1 )' 

a?id if k—2n, then | < h°(OI = </>( 2 n). 

(ii) If k > 3 and k ^ 2 n, then 
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|4 1 K)l = (2fc) 2 ?-'(^-l)!, 

and 

|$ l (£)| = 2 n (2n — 1)! 

iff, = (®i)(® 2 ) ' ' ' (x n )(ax 1 )(ax 2 ) ■ ■ ■ (ax n )(/3x i)(/3x 2 ) ■ ■ ■ (/3x n )(a/3xi)(a/3x 2 ) ■ ■ ■ (a(3x n ), 

and 



1^(01 = 1 

if £ = (xi, a/3x i)(x 2 , a/3x 2 ) • • • (x n , a/3x n )(ax i, /3xi)(ax 2 , (3x 2 ) ■ ■ ■ ( ax n , /3x n ), and 



^(01 



(n — 2s) !s! 



= C; £ 1 , £ 2 ,-'-,£ n and ( £ £ ^n— 2s 2 s ] for some integer s, £ l = (1, a/3) for 1 < i < s 
and £j = 1 for s + 1 < j < n, where, £[ 1 n- 2 s j2 *] denotes the conjugate class with the 
type [l n_2s , 2 s ] m the symmetry group S n , and 



|$ L (OI=0(2 n) 

if f = 9] £\, £ 2 , ■ ■ ■ , £ n and 6 e £[ n i] and £ t — 1 for 1 < i < n — 1, £ n = (1, a/3), 
where, <f>(t) is the Euler function. 

Proof (i) Notice that for a given representation of C(i), i — 1, 2, • • • , since 
< V n , a/3 > is not transitive on X a ^, there is one and only one stable orientable 
map B n = (X Q p,V n ) with X = E(B n ) and V n = C(aC~ 1 a~), where, 



~ (Xn, X 2 1 , ' • • , X2n l , X 2 \ , X 22 , ■ ■ ■ , X2n 2 , Xlk, X 2 k, ■ ■ ■ , X2n k ). 

k k k 

Counting ways of each possible order for C(i),i = 1,2,---, and different repre- 
sentations for C(i), we know that 

. , , 2 n , Z77- , . 

l*°({)l = fc T ( T -l)! 

for k ^ 2n. 

Now if k — 2 n, then the permutation itself is a map with the underlying graph 
B n . Whence, it is also an automorphism of the map with the permutation is its 
power. Therefore, we get that 



$°(OI=0(2n) 



{ii) For k > 3 and k ^ 2 n, since the group < V n , a/3 > is transitive on X a ^ 
or not, we can interchange C(i) by aC(i)~ 1 a~ 1 for each cycle not containing the 




Chapter 4 Application to the Enumeration of Unrooted Maps and s-Manifolds 



79 



quadricell in. Notice that we only get the same map if the two sides of some edges 
are interchanged altogether or not. Whence, we get that 

l$ L (OI = 2 ~ k~-\— - 1)! = (2 k)—\— - 1)!. 

Now if£ = (xi, a/3xi)(x 2 , a/3x 2 ) • • • (x n , a/3x n )(ax i, /3x 1 )(ax 2 , /3x 2 ) ■ ■ ■ (ax n ,/3x n ), 
there is one and only one stable map under the action of £, where 

Vf = (xi,x 2 , • • • ,x n , a(3x i, a/3x 2 , • • • , a(3x n )(axi, (3x n , ■ ■ ■ ,(3x u ax n , • • • , ctay). 

Which is an orientable map. Whence, | < h i (^')| = |<f> 0 (£)| = 1. 

If £ = (xi)(x 2 ) • • • (x n )(ax\)(ax 2 ) ■ ■ ■ {ax n ){(3x i)((3x 2 ) • • • {(3x n ){a(3x])(af3x 2 ) 
■■■(a/3x n ), we can interchange ( a/3xi ) with (/ 3xi ) and obtain different embeddings 
of B n on surfaces. Whence, we know that 

|$ L (0I = 2 n (2n — 1)!. 

Now if £ = (C; £!, £ 2 , • • • , £ n ) and £ G £’[ 1 n- 2 Sj2S i for some integer s, £i = (l,a/3) 
for 1 < i < s and £j — 1 for s + 1 < j < n, we can not interchange (ay, a/3ay) with 
(axi, (3xi) to get different embeddings of B n for it just interchanging the two sides 
of one edge. Whence, we get that 

|<f> L (n| = — x 2 s = — . 

I l"-2«( n _ 2s)!2 s s! (n — 2s)!s! 

For £ = (0; £]_, £ 2 , ■ ■ ■ , £ n ), 6 G £[ n i] and e* = 1 for 1 < i < n — 1, £ n — (1, a/3), we 
can not get different embeddings of B n by interchanging the two conjugate cycles, 
whence, we get that 



|$ L (OI = |$°(OI = 0(2n). 

This completes the proof. tj 

Recall that the cycle index of a group G , denoted by Z(G; s±, s 2 , ■ ■ ■ , s n ), is 
defined by ([30]) 

Z(G; »1, ••■,*„) = 4 £ ■ ■ ■ ^" <a) , 

l G l g£G 

where, Xifg) is the number of i-cycles in the cycle decomposition of g. For the 
symmetric group S n , its cycle index is known as follows: 



Z(S n , ®lj S 2 , , Sn) 



c Al o A 2 

*1 s 2 



■ ■ ■ s 



^ k 



A,+2A 2 G + « 4 ,„ 1Al Ai!2^A 2 !...^A k !' 



For example, we have that Z(S 2 ) = Sl ~^ S2 . By a result of Polya ([56]), we know the 
cycle index of S„ [.S 2 ] as follows: 




Chapter 4 Application to the Enumeration of Unrooted Maps and s-Manifolds 



80 



j ®lj ^2; , ■S2n) 



1 

2 n n\ 



E 

\ \ +2A2H \-k\k — n 



^ £f+g2 ^Ai^ £i+£4 ^A 2 . . . ( f|+f2fc )A fc 



l Al !2 A2 A 2 ! • • • k Xk \kl 



Now we can count maps on surfaces with an underlying graph B n . 



Theorem 4.3.1 The number n° (B n ) of non-isomorphic maps on orientable surfaces 
underlying a graph B n is 



2 «_ 1 2 n 



n°{B n ) = £ 

k\2n,k^2n ' k 



1 d^{Z{S n [S 2 ])). 



ds k 



2 TO 
k 

k 



U/c=o 



+ <j)(2n 



a(z(s„[s 2 ])), 



ds 



l«2n = 0 



2 n 



Proof According to the formula (1.3.1) in the Corollary 1.3.1, we know that 



n°(B n ) 



1 

2 x 2”n! 



E 

?GS„[S2]x^a^ 



$ T (0!- 



Now since for V£i,£ 2 G if there exists an element 6 G S'ysy, such that 

= dfid^, then we have that |$ 0 (£i)| = |T>°(<^ 2 ) I and | < l )O (0l = | < f > °(£a;)l- Notice 
that |<1 )0 (^)| has been gotten by the Lemma 4.3.1. Using the Lemma 4.3.1(f) and 
the cycle index Z(S n [S 2 \), we get that 



n°{B n ) = 



_i_( y k 2 f-H 2 f~iy.\j t \ + <i,(2„)\j 2n \) 

k\2n,k^2n 



'-if 2 n 



= E V'm 

k\2n,k^2n ' k 



1 d^(Z(S n [S 2 ])) l 



dsf 



I s fc=0 



+ (j)(2n 



d(Z(S n [S 2 ])) 



ds 



2 n 



l«S2n=0 



Now we consider maps on the non-orientable surfaces with an underlying graph 
B n . Similar to the discussion of the Theorem 4.1, we get the following enumeration 
result for the non-isomorphic maps on the non-orientable surfaces. 



Theorem 4.3.2 The number n N (B n ) of non-isomorphic maps on the non-orientable 
surfaces with an underlying graph B n is 



n N (B n ) = 



(2n — 1)! 



n\ 



+ E 

k\2n,3<k<2n 

n\ 



fn,.^-i,2 n ,„d*(Z(S n [S 2 ])) 

( 2 k ) k y-r - f) ! m 

k ds k 



Sk = o 



1 n - | au / ip/ glgXEMl i _ _i™m 

2 "n!^ (n- 2 s)!s! + ( ^ ds% |s2 “° 
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Proof Similar to the proof of the Theorem 4.3.1, applying the formula (1.3.3) 
in the Corollary 1.3.1 and the Lemma 4.3.1(ii), we get that 

+ ^t(E , v , +4>~i)!( a,1(z <f; [S2l)) u.o- L|j)) 

2 n n\ ~^ 0 {n — 2s)!s! os $ 2 

v- n d^(Z(S n [S 2 ])) 

+ \ lk > \~r ~ n Ufc=o- 

k\2n,3<k<2n K dsf 

Notice that n°(B n ) + n N (B n ) = n L (B n ). Applying the result in the Theorem 
4.3.1, we know that 



n N (B n ) = , 1)1 + y (2*^- 1 (^-i)'AA%IM) k , 0 



k\2n,3<k<2n 



2 n n\ (n — 2s)\s\ 



+ 4"(n - U _ 0 - L?J))- 



This completes the proof. t] 



Fig s 4.2 

Calculation shows that 



Z(Si[S 2 }) = 



Si + S2 



and 
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ry(c rc 1 \ _ S 1 + 2s i s 2 + 3 si + 2 s 4 
Z^2P2JJ - g > 

For n = 2, calculation shows that there are 1 map on the plane, 2 maps on the 
projective plane, 1 map on the torus and 2 maps on the Klein bottle. All of those 
maps are non-isomorphic and same as the results gotten by the Theorem 4.3.1 and 
4.3.2, which are shown in the Fig. 2. 

§4. A classification of the closed s-manifolds 

According to the Theorem 1.2.8, We can classify the closed s-manifolds by tri- 
angular maps with valency in {5, 6, 7} as follows: 

Classical Type: 

(1) Ai = {5 — regular triangular maps} (elliptic)] 

(2) A 2 = {6 — regular triangular maps}(euclid ); 

(3) A 3 = {7 — regular triangular maps} (hyperbolic) . 

Smarandache Type: 

(4) A 4 = {triangular maps with vertex valency 5 and 6} (euclid- elliptic)] 

(5) A 5 = {triangular maps with vertex valency 5 and 7} (elliptic-hyperbolic)] 

(6) Aq = {triangular maps with vertex valency 6 and 7} (euclid-hyperbolic)] 

(7) A7 = {triangular maps with vertex valency 5,6 and 7} (mixed). 

We prove each type is not empty in this section. 

Theorem 4.4.1 For classical types Ai ~ A 3 , we have that 

( 1 ) Ai = {O2 0, -Pio}; 

(2) A 2 = {Ti,Kj, 1 <i,j < +00}; 

(3) A 3 = {H h 1 <i< +00}, 

where, O 20 , Pio are shown in the FigA.3, T 3 , K :i are shown in the Fig. 4.4 and H{ 
is the Hurwitz maps, i.e., triangular maps of valency 7. 



Fig., 4.3 
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Fig s 4.4 

Proof If M is a ^-regular triangulation, we get that 2 e(M) = 3 4>{M) = kv(M). 
Whence, we have 



e(M) = an d U (M) 

By the Eulcr-Poincare formula, we know that 



3 e(M) 
k 



x(M) = u{M) - e{M) + 0(M) = 

If M is elliptic, then k — 5. Whence, %(M) = > 0. Therefore, if M 

is orientable, then x(M) = 2, Whence, <j>(M) = 20, z/(M) = 12 and e(M) = 30, 
which is the map O 20 - If if M is non-orientable, then x(M) = 1, Whence, <f>(M) = 
10, u(M) = 6 and e(M) = 15, which is the map P w . 

If M is euclid, then k — 6. Whence, %(M) = 0, i.e., M is a 6-regular triangulation 
Tj or Jlj for some integer i or j on the torus or Klein bottle, which is infinite. 

If M is hyperbolic, then k — 7. Whence, x(M) <0. M is a 7-regular trian- 
gulation, i.e., the Hurwitz map. According to the results in [65], there are infinite 
Hurwitz maps on surfaces. This completes the proof. t| 

For the Smarandache Types, the situation is complex. But we can also obtain 
the enumeration results for each of the types A 4 ~ A 7 . First, we prove a condition 
for the numbers of vertex valency 5 with 7. 



Lemma 4.4.1 Let Let C(T,n) be an s-manifold. Then 



if \{C{'I’. n)) < -1 and 



v 7 >v 5 + 2 



V 7 < t>5 — 2 

if x(C(T, n)) > 1. where Vi denotes the number of vertices of valency i in C{T , n) . 
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Proof Notice that we have know 



e{C{T,n)) = 



-x(C(T,n)) 

1 _ 2 : 
3 k 



where k is the average valency of vertices in C(T,n). Since 

^ _ 5n 5 + Qv e + 7v 7 

V 5 + V 6 + V 7 

and e(C(T,n )) > 3. Therefore, we get that 
(i) If x(C(T,n)) < —1, then 



1 2v 5 T 2v e T 2v 7 

3 5vfj + 6ve + 7v 7 

i.e., v 7 > Vf, + 1. Now if v 7 = + 1, then 



> 0 , 



5v 5 + 6n 6 + 7v 7 = 12n 5 + 6v e + 7 = l(mod2). 

Contradicts to the fact that Pr(v) = 2e(T) = 0(mod2 ) for a graph T. 

Whence we get that 



v 7 >v 5 + 2. 



(ii) If x(C(T,n)) > 1, then 



i.e., v 7 < v 5 



1 2v 5 T 2v e T 2v 7 

3 5v Fj + 6v 6 + 7v 7 
1. Now if v 7 — v$ — 1, then 



< 0 , 



5n 5 + 6v 6 + 7v 7 = 1 2n 5 + 6n 6 — 7 = l(mod2). 

Also contradicts to the fact that ^ev(r) Pr(v) = 2e(T) = 0(mod2 ) for a graph T. 
Whence, we have that 



v 7 < v 5 - 2. t| 

Corollary 4.4.1 There is no an s-manifold C(T,n) such that 



\v 7 - v 5 \ < 1, 

where n* denotes the number of vertices of valency % in C(T,n). 

Dehne an operator S : M — » M* on a triangulation M of a surface as follows: 
Choose each midpoint on each edge in M and connect the midpoint in each 
triangle as shown in the Fig. 4.5. Then the resultant M* is a triangulation of the 
same surface and the valency of each new vertex is 6. 
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Then we get the following result. 

Theorem 4.4.2 For the Smamndache Types A 4 ~ A 7 , we have 

(i) |A 5 | >2; 

(ii) Each of |A 4 |, | Ag | and | A 7 1 is infinite. 

Proof For M G A 4 , let k be the average valency of vertices in M, since 



k 



< 6 and e(M) 

v 5 + V 6 



~X(M) 

1 _ 2 > 

3 k 



we have that x(^0 A 1- Calculation shows that n 5 = 6 if x(M) = 1 and u 5 = 12 if 
xfM) = 2. We can construct a triangulation with vertex valency 5, 6 on the plane 
and the projective plane in the Fig. 4.6. 



Fig . 3 4.6 

Now let M be a map in the Fig. 4.6. Then M 9 is also a triangulation of the 
same surface with vertex valency 5,6 and M 9 ^ M. Whence, |A 4 | is infinite. 
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For M G A. 5 , by the Lemma 4.4.1, we know that v 7 < v$ — 2 if y(M) > 1 and 
v 7 > v 5 + 2 if x(M) < —1. We construct a triangulation on the plane and on the 
projective plane in the Fig. 4. 6. 



Fig., 4.7 

For M G A 6 , we know that k = 6 ^^’ 7 > 6. Whence, x(M) < —1. Since 

3 4>(M) = 6vq + 7v 7 = 2 e(M), we get that 



v 6 + v 7 - 



6v 6 + 7v 7 
2 



+ 



6u 6 + 7v 7 

3 



X(M). 



Therefore, we have v 7 = — y(M). Since there are infinite Hurwitz maps M on 
surfaces. Then the resultant triangular map M* is a triangulation with vertex 
valency 6,7 and M* ^ M. Whence, |A@| is infinite. 

For M G A 7 , we construct a triangulation with vertex valency 5, 6, 7 in the Fig. 
4.8. 

Let M be one of the maps in the Fig. 4. 8. Then the action of 0 on M results 
infinite triangulations of valency 5, 6 or 7. This completes the proof. t| 



Conjecture 4.4.1 The number |As 



is infinite. 
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Fig. 3 4.8 




Chapter 5 Open Problems for Combinatorial Maps 



As a well kind of decomposition of a surface, maps are more concerned by math- 
ematician in the last century, especially in the enumeration of maps ([33] — [35]) 
and graphs embedding on a surface ([22], [35], [53], [70]). This has its own right, also 
its contribution to other branch of mathematics and sciences. Among those map 
application to other branch mathematics, one typical example is its contribution 
to the topology for the classification of compact surfaces by one face, or its dual, 
one vertex maps, i.e., a bouquet B n on surfaces. Another is its contribution to the 
group theory for hireling the Higman-Sims group (a sporadic simple group ([6])) and 
an one sentence proof of the Nielsen-Schreier theorem, i.e., every subgroup of a free 
group is also free ([63] — [64]). All those applications are to the algebra, a branch of 
mathematics without measures. From this view, the topics discussed in the graph 
theory can be seen just the algebraic questions. But our world is full of measures. 
For applying combinatorics to other branch of mathematics, a good idea is pullback 
measures on combinatorial objects again, ignored by the classical combinatorics and 
reconstructed or make combinatorial generalization for the classical mathematics, 
such as, the algebra, differential geometry, Riemann geometry, Smarandache ge- 
ometries, • • • and the mechanics, theoretical physics, • • •. For doing this, the most 
possible way is, perhaps by the combinatorial maps. Here is a collection of open 
problems concerned maps with the Riemann geometry and Smarandache geometries. 

5.1 The uniformization theorem for simple connected Riemann surfaces 

The uniformization theorem for simple connected Riemann surfaces is one of 
those beautiful results in the Riemann surface theory, which is stated as follows ([18]). 

If S is a simple connected Riemann surface, then S is conformally equivalent to 
one and only one of the following three: 

(a) C U oo; 

(b) C; 

(c) A = {z e C\\z\ < 1}. 

We have proved in the Chapter 2 that any automorphism of a map is conformal. 
Therefore, we can also introduced the conformal mapping between maps. Then, how 
can we define the conformal equivalence for maps enabling us to get the uniformiza- 
tion theorem of maps? What is the correspondence class maps with the three type 
(a) — (c) Riemann surfaces? 
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5.2 The Riemann-Roch theorem 

Let S be a Riemann surface. A divisor on S is a formal symbol 

k 

u= n p f {Pi) 

i = 1 

with P-j G S, a(Pi ) G Z. Denote by Div(S ) the free commutative group on the 
points in S and define 



k 

degU = ^ 2 a ( p i )■ 

2=1 

Denote by 77(5) the held of meromorphic function on S. Then for V/ G 7d(S) \ 
{0}, / determines a divisor (/) G Div(S ) by 

</) = n pordp 

Pes 

where, if we write f(z) = z n g(z) with g holomorphic and non-zero at z — P, then 

the ordpf = n. For U x = II P ai{p) ,U 2 = II P“ 2(p) , G Div(S), call U\ > U 2 if 

Pes Pes 

a x (P) > q? 2 (R ) - Now we define a vector space 

L{U) = {/ G W(S)|(/) >PG Din(cS)} 



D(W) = {ca|o; is an abelian differential with (u) >U}. 

The Riemann-Roch theorem says that ([71]) 

dim(L(7/ -1 )) = degU — g{S) + 1 + dimPiS). 

Comparing with the divisors and their vector space, there ia also cycle space and 
cocyclc space in graphical space theory ([35]). What is their relation? Whether can 
we rebuilt the Riemann-Roch theorem by map theory? 

5.3 Combinatorial construction of an algebraic curve of genus 

A complex plane algebraic curve Ci is a homogeneous equation f(x,y,z) = 0 
in P 2 C = ( C 2 \ (0,0,0))/ ~, where f(x,y,z) is a polynomial in x,y and z with 
coefficients in C. The degree of f(x,y,z ) is said the degree of the curve Cp For 
a Riemann surface S, a well-known result is ([71]) there is a holomorphic mapping 
<p : S — >• P 2 C such that <p(S) is a complex plane algebraic curve and 

(d(<p(S)) - l)(d(<p(S)) - 2) 



2 
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By map theory, we know a combinatorial map also is on a surface with genus. 
Then whether we can get an algebraic curve by all edges in a map or by make 
operations on the vertices or edges of the map to get plane algebraic curve with 
given k -multiple points ? and how do we find the equation f(x,y,z ) = 0? 



5.4 Classification of s-manifolds by maps 

We have classified the closed s-manifolds by maps in the Section 4 of Chapter 4. 
For the general s-manifolds, their correspondence combinatorial model is the maps 
on surfaces with boundary, founded by Bryant and Singerman in 1985 ([8]). The 
later is also related to the modular groups of spaces and need to investigate further 
itself. The questions are 

(i) how can we combinatorial ly classify the general s-manifolds by maps with 
boundary? 

(ii) how can we find the automorphism group of an s -manifold? 

(in) how can we know the numbers of non-isomorphic s-manifolds, with or with- 
out root? 

(■ iv ) find rulers for drawing an s-manifold on a surface, such as, the torus, the 
projective plane or Klein bottle, not the plane. 

The Smarandache manifolds only using the triangulations of surfaces with vertex 
valency in {5,6,7}. Then what are the geometrical mean of the other maps, such 
as, the 4-regular maps on surfaces. It is already known that the later is related to 
the Gauss cross problem of curves([35]). May be we can get a geometry even more 
general than that of the Smarandache geometries. 



5.5 Gauss mapping among surfaces 



In the classical differential geometry, a Gauss mapping among surfaces is defined 
as follows ([42]): 

Let S C R 3 be a surface with an orientation N. The mapping N : S —> R 3 takes 
its value in the unit sphere 



S' 2 = {(x, y, z ) G R 3 \x 2 + y 2 + z 2 = 1} 

along the orientation N. The map N : S — > S 2 , thus defined, is called the Gauss 
mapping. 

we know that for a point P G S such that the Gaussian curvature K(P ) ^ 0 
and V a connected neighborhood of P with K does not change sign, 



K(P) 



lim 

A^o 



N(A) 

A 
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where A is the area of a region B C V and N(A) is the area of the image of B by 
the Gauss mapping IV : S — > S 2 . The questions are 

(i) what is its combinatorial meaning of the Gauss mapping? How to realizes it 
by maps? 

(ii) how can we define various curvatures for maps and rebuilt the results in the 
classical differential geometry? 



5.6 The Gauss-Bonnet theorem 

Let S be a compact orientable surface. Then 

I Js Kda = 27rx ^’ 

where K is Gaussian curvature on S. 

This is the famous Gauss-Bonnet theorem, for compact surface ([14], [71] — [72]). 
This theorem should has a combinatorial form. The questions are 

(i) how can we define the area of a map? (Notice that we give a definition of 
non- Euclid area of maps in Chapter 2.) 

(ii) can we rebuilt the Gauss-Bonnet theorem by maps? 



5.7 Riemann manifolds 

A Riemann surface is just a Riemann 2-manifold. A Riemann n-manifold (M, g) 
is a n-manifold M with a Riemann metric g. Many important results in Riemann 
surfaces are generalized to Riemann manifolds with higher dimension ([14], [71] — 
[72]). For example, let At be a complete, simple-connected Riemann n-manifold 
with constant sectional curvature c, then we know that A4 is isometric to one of the 
model spaces lZ n , S-jin or H^n. There is also a combinatorial map theory for higher 
dimension manifolds (see [67] — [68]). Whether can we systematically rebuilt the 
Riemann manifold theory by combinatorial maps? or can we make a combinatorial 
generalization of results in the Riemann geometry, for example, the Chern- Gauss- 
Bonnet theorem ([14], [37], [71] If we can, a new system for the Einstein’s relative 
theory will be found. 
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